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Abstract

Transformer neural networks demonstrate a remarkable capacity for in-context
learning (ICL). Typically contrasted with in-weights learning (IWL), in-context
learning is the ability of a neural network to generalize to a new inputs and tasks
at test time, without any weight updates. This emergent ability, first seen in large
language models (LLMs) trained at internet scale, has led to much of the utility of

LLMs in modern society, through chatbots and coding assistants.

Despite its importance, this ability was remarkably poorly understood, likely
due to the scale needed to achieve it. In this thesis, I study emergent in-context
learning by first identifying a smaller-scale setup where ICL emerges, despite not
being explicitly trained for. I find that non-uniform data distributional properties

are crucial for ICL emergence.

Even with these properties however, overtraining (as is common with modern
LLMs) can lead to ICL fading away. In other words, emergent ICL is a transient
phenomenon, which emphasizes the need for a better understanding of dynamics
and begs the question: Why does ICL emerge if only to give way to in-weights

strategies?

To tackle these dynamics, I developed optogenetics-inspired methods to
causally intervene on dynamics. These methods enabled a deeper understanding
of the abrupt induction circuit emergence (the key driver of ICL abilities) as the
simultaneous learning of three smoothly evolving sub-circuits. Equipped with this
better understanding, I found that the transient emergence of ICL arises due to co-
operative interactions with asymptotic, largely in-weights strategies, which share

two of the three sub-circuits. The transience is caused by competitive interactions:
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asymptotic strategies ’crowd out” the earlier ICL.
In sum, these findings indicate that ICL abilities should rather be thought of
as existing on a spectrum with competitive and cooperative interactions governing

their tradeoff through learning.



Impact

This work enhanced our understanding of one of the most critical abilities of mod-
ern large language models (LLMs): in-context learning (ICL). This emergent ability
is what enables LLMs to adapt to different users and a wide variety of tasks, thus
making them such useful assistants. By identifying ICL as a possibly transient phe-
nomenon, this work emphasizes possible dangers of the current scaling paradigm in
artificial intelligence: as we scale models further, desirable abilities they currently

possess are not guaranteed to persist.

This work starts by identifying key data distributional properties that may lead
to emergent ICL. While these properties (e.g., burstiness) are naturally occurring in
language, they may or may not be in other domains of interest. Identifying these
properties paves the path to future work towards enhanced ICL in domains beyond
language, by (potentially artficially) incorporating such data distributional proper-

ties.

In understanding the subsequent transience of emergent ICL, I created a series
of minimal mathematical models that capture key parts of a complex neural net-
work’s learning dynamics. Key substrates, such as tensor products and multiplica-
tively interacting loss terms, enable flexible modeling of the dynamics of ICL emer-
gence and transience. Such mathematical models may enhance our understanding
of the largely inscrutable workings of deep neural networks, especially in the realm
of the dynamics of capability emergence and transience. Specifically, while dynam-
ics of deep transformer neural networks lie outside what is analytically tractable,
these minimal mathematical models can be analyzed mathematically, with insights

that transfer to larger scales.
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Beyond ICL, the enhanced understanding of dynamical phenomena may ex-
tend to other strategies (and their interactions during training) in deep neural net-
works. For example, the coopetition phenomena identified represents a marked shift
in how strategies are thought to trade off through learning: not only do they compete
for capacity within a network, but they may cooperate and help each other emerge.
Such backwards hysteresis, whereby later, asymptotic strategies may influence ear-
lier, transient strategies, complements existing notions of path dependence (earlier
points affecting later points).

Beyond the field of artificial intelligence, this work shows the benefits of shared
methods across neuroscience and artificial intelligence. The open-sourced artificial
optogenetics framework created in this thesis is a key example of how an analysis
method from neuroscience (optogenetics) can inspire more rigorous experimenta-
tion in artificial intelligence. Specifically, the causal interventions on dynamics
enabled by “clamping” can reveal sub-circuits in a way that prior correlational ap-
proaches (such as progress measures) do not. As modern Als approach human-level
intelligence, such transfer of methods from neuroscience to Al may enable more
rigorous study, and hopefully safer development.

Finally, as a resource to the community, we open-source all code needed for
reproducing this thesis at: https://github.com/aadityasingh/icl-d

ynamics.


https://github.com/aadityasingh/icl-dynamics
https://github.com/aadityasingh/icl-dynamics
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Chapter 1

Introduction

Over the past few years, deep neural networks have gone from being a topic of re-
search, to being something that hundreds of millions of people go to everyday with
their questions (OpenAl, 2024). The defining aspect of these systems is their ability
to learn. For models that make predictions based on an input sequence, the ability
to learn can manifest in two ways: longer-term learning from previous sequences,
as well as short-term learning from existing structure within an input sequence. For
example, as you read this thesis, you understand the meanings of most individual
words from your prior experience reading English text (past sequences), but for
novel words (e.g., “coopetition”), you will use the definitions provided in this doc-
ument (this input sequence). This short-term learning ability is commonly referred
to as in-context learning (ICL), and its presence in modern large language models

(LLMs) is one of the main reasons for their general usefulness.

The remarkable finding that motivated this work is that ICL can actually be
emergent (Brown et al., 2020). Namely, to extract the most value during longer-
term learning, it may be in the best interest of a human or model to “learn-to-learn.”
For example, instead of memorizing the definition of every word in the English
language from prior experience, a human learns to learn from definitions provided

within a document.

In this thesis, we study why ICL may emerge when training to predict tokens

in sequences of data.
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1.1 Background

1.1.1 Supervised learning

One of the first large-scale successes of machine learning was that of AlexNet
(Krizhevsky et al., 2012), an image classification system that outperformed existing
approaches by a large margin by learning features from data, rather than relying on
human-engineered features. These features were learned through supervised learn-
ing using a deep neural network.

Supervised learning refers to learning the parameters 6 of a function fy(x)
given some labeled data 2 = {(x;,y;)}Y_;. Specifically, supervised learning oper-
ates by minimizing a loss function E,. ¢ [-Z(y, fo(x))] with respect to the parame-
ters 6. Deep neural networks refer to a specific family of functions and parametriza-
tions that are highly expressive (Hornik et al., 1989) yet still amenable to gradient-
based learning (Rumelhart et al., 1988). In practice, these loss functions are op-
timized using variants of stochastic gradient descent (SGD) by sampling from Z,
calculating %, and performing a gradient step in that direction.

Notably, supervised learning is slow, often requiring thousands or millions
of gradient steps before fy(x) does something reasonable. However, the impres-
sive aspect of supervised learning is that it scales remarkably well (Kaplan et al.,
2020; Hoffmann et al., 2022): namely, when using either a larger network (i.e., a
higher dimensional 0), or training for longer, the loss keeps decreasing. From the
first demonstrations with Alexnet (Krizhevsky et al., 2012), to modern large lan-
guage models (OpenAl, 2023), this scaling paradigm has driven progress for over a

decade.

1.1.2 In-context learning

As traditional supervised learning is slow, researchers have sought to instill deep
neural networks with a capacity for quick adaptation. This field is broadly known
as “meta-learning.”

Meta-learning involves an inner and outer learning process. Outer learning

typically acts on sequences of inputs, while inner learning acts within a sequence.
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The inner loop is incentivized to learn from the sequence, while the outer loop is

incentivized to enhance the ability of the inner loop to learn: namely, learn to learn.

While some approaches to meta-learning involve rapid weight updates as the
inner loop (Finn et al., 2017), here we focus on memory-based meta-learning (San-
toro et al., 2016; Wang et al., 2016; Ortega et al., 2019), in which the inner learning
process occurs within the memory (or activations) of the deep neural network. Typ-
ically, such meta-learning involves artificially constructing sequences that force the
outer loop to learn to learn—for example, Santoro et al. (2016) construct sequences
of images with randomized labels per sequence (but consistent within a sequence),
forcing the outer loop (which updates the weights) to learn-to-learn how to map

images to labels.

Recently, Brown et al. (2020) found that such memory-based meta-learning—
which they termed in-context learning (ICL), a term we will use henceforth—can
emerge without constructing an explicit inner-outer loop setup. Specifically, Brown
et al. (2020) used supervised learning to train transformer sequence models to pre-
dict the next token. Each input to the model is a sequence of L tokens, and can be
thought of as L — 1 different supervised examples (predicting the k-th token using
the previous k — 1 tokens, for 2 < k < L). Somehow, after training on an internet-
scale amount of text, large scale transformer models learn to learn: they can solve
unseen language tasks when presented with a few, concatenated input-output ex-
amples earlier in the sequence (e.g., classifying the sentiment of various sentences
as positive or negative, except having to output “bar” instead of positive and “foo”
instead of negative (Wei et al., 2023)). This mysterious emergence is one of the key

motivations for our work here.

Importantly, these ICL abilities in LLMs emerge in conjunction with more
classical supervised learning (e.g., being able to complete the phrase ‘“The capital of
France is ____ with “Paris.”), which we will refer to as in-weights learning (IWL),
to represent that this information is stored in the weights of the model, rather than

inferred from context.
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1.1.3 Transformer neural networks

As emergent ICL was first observed in transformer language models, we largely
restrict our study here to transformer neural networks. First introduced by Vaswani
et al. (2017), transformers neural networks consist of stacked, alternating layers of
self-attention (SA) blocks and multilayer perceptron (MLP) blocks, with residual
connections throughout. Here, we will sketch out the basic forward pass of a trans-
former operating on an input sequence of L (discrete) tokens.

First, each token is embedded through a (learned) embedding matrix: e; =

WEt;, where ¢; is the one hot vector for the token at position i.

Then, these embeddings are fed through a series of stacked, alternating residual

layers:

Hisa = Hj—1 yrp +SA(H;—1 prp)

Hj yprp = Hysa +MLP(H 54),

where Hy ppp is defined as the d x L matrix of input embeddings for all L tokens
being fed through the model. The parameters for all layers will be different, below
we use re-use some letters for simplicity of exposition.

Before diving deeper into the specifics of implementation, we note that the
residual connections enable a view of the forward pass of a transformer as reading
out from and writing into a residual stream (Elhage et al., 2021) per token. We will

see how this framing can be useful as we continue.

SA blocks: A (modern) multi-headed self-attention block SAg (X ) performs the fol-

lowing operation:

7= LayerNormM »(X)
i ZT (W Twhz
$46(00) = Y. WAWZ - sofumax [ 20102
= Do Va
OV circuit —
QK circuit
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where 6 = {w,b, Wy, Wx, Wy, Wp} and the softmax applies over columns. The
LayerNorm (Ba et al., 2016) is applied independently per token, with two d dimen-
sional parameters: w,b. There are 4 d X d weight matrices: Wp, Wk, Wy, Wp. The
self-attention block is said to have H heads (and thus called “multi-headed” when
H > 1), with W" defined as the % X d matrix comprised of rows (h — 1)% to h%.
Typically, we choose H to be a divisor of d to make sure all heads have the same
integer dimension.

Note that the above form differs slightly from the original formulation by
Vaswani et al. (2017). Specifically, we use “pre-LayerNorm” (as opposed to post-),
as is common in modern LLLMs (Touvron et al., 2023a). We also write the equations
with a projection matrix for each head (Wg), following Elhage et al. (2021), as op-
posed to the more classical form where Wy applies to a concatenated vector across
heads (these are equivalent).

Before continuing to the MLP layers, we make a few comments on the form
of multi-headed self-attention. First, the output of a layer consists of additive con-
tributions from individual heads—thus, each head can be viewed as independently
updating the residual stream. Second, each head can be viewed as performing two

operations:

* QK circuit: Determines attention from a given token to other tokens. Outputs

an L x L matrix of attention scores, where each column sums to 1.
* OV circuit: Transforms each token’s representations “individually”

The QK circuit determines how information can transfer from other tokens’ residual
stream to this token’s residual stream. The OV circuit determines what information
is transferred (via WoWy ). Finally, we note that in practice we use decoder-only
(also known as “causal’) transformers, where we mask attention scores so that to-

kens can only attend to previous tokens.

MLP blocks: The multi-layer perceptron blocks operate on a per token basis.
Namely, MLPy(X) = concat[MLPy(x;)], where x; are the columns of X. The for-

ward pass MLPy(x;) can be written as:
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zi = LayerNorm,, , (x;)

MLPy (x,') = Wgact(lei + b1> + by,

where 6 = {w,b,W;,b;,W,,b,}. Again, there is LayerNorm with two d dimen-
sional parameters: w,b. The weight matrices are Wi, W,, with dimensions d x 4d
and 4d x d, mspectively.1 The bias vectors b;,by have dimension 4d and d, re-
spectively. While the activation function act varies from model to model (Shazeer,
2020), we use GeLU (Hendrycks and Gimpel, 2016), following the original trans-
former (Vaswani et al., 2017). Note that, as the MLP applies per token, the same
weights are used on every token individually. MLP layers can be viewed as enrich-
ing a token’s residual stream, without transferring information from other tokens
(since the MLP applies per token).

After passing through the stacked, alternating self-attention and MLP layers,
the final residual is passed through an unembedding layer to output (per token).
For discrete tokens, this has the form Wy LayerNorm(x;), where x; are the columns
of Hy yrp. These output “logits” are typically trained using a cross entropy loss

function to match the correct one-hot token at a given position.

Positional encodings: A key aspect of transformers is their use as sequence models.
However, in our exposition so far, much of the computation of the transformer is
agnostic to sequence order (with the exception of the causal attention mask). To im-
part positional information to the model, pracitioners use positional encodings. The
original positional encodings (Vaswani et al., 2017) were absolute and additive: An
index-specific positional vector was added to the input embedding for each token.
These positional encodings could be a fixed (vector) function of the index (*“‘sinu-
soidal positional embeddings™) or learned (as additional parameters of the model).
Since then, a variety of positional encoding schemes have cropped up, including

relative additive and relative multiplicative encodings (Su et al., 2021). While po-

I'The specific choice of 4 here is known as the expansion factor. Modern language models com-
monly use 4 (Touvron et al., 2023a).
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0
]

Induction head ] 1. PT-attend: Layer 1 head attends to previous token

@ 2. PT-copy: Layer 1 head copies previous token

T @AT A@ T T @AT value into the current token's residual stream
@ ) o n @'

1 3. Routing Q/K/V: Layer 2 head reads Q/K/V from the
correct subspaces of the residual stream

4. IH-match: Layer 2 head matches Q to "same" K

5. IH-copy: Layer 2 copies the value to the output
@ 0 n 1 @

Figure 1.1: Schematic of an induction circuit, adapted from Singh et al. (2024), with the
5 key computations performed annotated across the two layers. Example se-
quence is of the form A 0 B 1 A, where the network should output 0 by in-
context-learning the mapping from characters to labels.

sitional encodings are not a focus of our work, we experiment with some effects
in later sections. Modern transformers typically use RoPE (relative multiplicative

embeddings), following Su et al. (2021).

1.1.4 ICL in transformers: Induction Circuits

Equipped with the basic architecture of a transformer, a natural question arises:
what set of weights gives rise to ICL behaviors? Olsson et al. (2022) find that a re-
markably simple 2-layer circuit seems to explain much ICL behavior: the induction
circuit.

An induction circuit is a two-layer circuit (Figure 1.1) comprised of a “previ-
ous token head” in an earlier layer, followed by the eponymous “induction head”.
Previous token heads are attention heads responsible for attending to the previous
token (Step 1) and copying it into the attending token’s residual stream (Step 2). In-
duction heads then perform a match-and-copy operation, looking for a match (Step
4) between a query derived from the current token and key derived from the output
of the previous token head (Step 3). Induction heads then copy forward the value of
the token being attended to from the residual stream (Step 5) as the output.

Olsson et al. (2022) found that induction circuits emerge in a sharp drop in
the loss (which we will term a “phase change”) coinciding with a model’s ability
to do ICL. Paired with causal ablations, this evidence strongly points to induction

circuits being the source of many in-context learning abilities. Presumably, neither
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previous token heads nor induction heads on their own are useful for minimizing
loss, yet their interaction in an induction circuit yields a surprisingly useful and

general ability: ICL.

1.2 Towards understanding why ICL emerges

Prior work (Brown et al., 2020) has led to the remarkable finding that ICL emerges
when training to predict the next token on internet-scale text (Section 1.1.2). We
refer to this ability as emergent since, in contrast to prior work in meta-learning
(Santoro et al., 2016), no explicit outer loop was constructed that would “neces-
sitate” in-context learning. Olsson et al. (2022) took this finding and made great
strides towards the “what” of ICL emergence: Induction circuits emerge in a phase
change, and may be responsible for ICL behaviors in transformers. However, a
key question remains: Why does ICL emerge when training on data that does not
explicitly require it?

We start to answer this question by noticing that classical supervised learning
datasets typically assumes various notions of uniformity (e.g., in Imagenet classi-
fication each image). However, the next token prediction task instead operates on
natural language, a highly non-uniform data distribution. For example, the marginal
distribution of words is known to follow the skewed Zipfian (power law) distribu-
tion (Zipf, 1949; Piantadosi, 2014; Smith et al., 2018), with rare words appearing in
bursts (Sarkar et al., 2005; Alvarez-Lacalle et al., 2006; Neuts, 2007; Altmann et al.,
2009; Serrano et al., 2009; Lambiotte et al., 2013). Could these data distributional
properties be driving the emergence of in-context learning?

We tackle this question by creating synthetic data setups (Chapter 2) where we
can carefully ablate or add back in each of these properites of natural language. We
find a host of data distributional properties, inspired by those of natural language,
that are necessary for ICL emerge (Chan et al., 2022a): Namely, ablating them
reverts transformers to learning IWL strategies to solve the task. Specifically, based

on the set of data properties, we observe 3 behavioral regimes:

1. Transformer learns IWL strategies.
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2. Transformer learns ICL strategies briefly, then transitions to IWL strategies.
3. Transformer learns ICL strategies.

At first glance, it would seem that the answer to why ICL emerges (case 3) is simply
that certain data properties incentivize it. Namely, transformers employing ICL
strategies achieve better (asymptotic) loss on data with these specific distributional
properties.

While that is one hypothesis, there is an important alternate hypothesis that
explains the observations: What if these three cases are actually all the same behav-
ior? ICL emerges and then gives way to IWL (case 2 above), with data properties
modulating the timescale (i.e., in case 3 the timescale is just longer) rather than the
regime? In some cases, IWL is quick to show up, so we do not see any ICL (case
1), and in others IWL is very slow to show up, making it seem that ICL is persistent
(case 3 above). We refer to this as the “transient ICL” hypothesis.

Such hypotheses became especially important to consider, given the emerg-
ing practice of overtraining LLMs (Touvron et al., 2023a), concurrently to our first
work. Overtraining refers to training smaller models for longer and longer, as per-
formance continues to increase (i.e., next token prediction loss continues to de-
crease). If the transient ICL hypothesis were true, it would indicate an especially
pernicious danger: training LLMs for longer and longer may lead to critical ICL
abilities fading away.

We test the “transient ICL” hypothesis in our synthetic data setup, and remark-
ably, find evidence supporting it (Chapter 3) across a range of settings, an original
finding (Singh et al., 2023) that has since been reproduced in a variety of settings
by other groups (Anand et al., 2024; He et al., 2024; Park et al., 2024; Nguyen and
Reddy, 2024). This transient nature of ICL motivates a dynamical understanding of

ICL, focusing on how it emerges and fades away.

1.3 Towards understanding ow ICL emerges

After uncovering ICL transience, we first sought to understand why ICL fades away,

given that it is a useful strategy to solve the task. Our initial evidence, in large
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scale setups, suggests that competitive interactions with IWL drive ICL transience
(Section 3.6), a finding that later work has followed up on and added credence
to (Park et al., 2024; Nguyen and Reddy, 2024). To understand the interaction
dynamics conclusively however, we realized we first needed to build a toolkit for

causal studies of dynamics.

Inspired by the foundational work of Olsson et al. (2022) in isolating circuits
responsible for ICL behaviors (Section 1.1.4), we decided to take a mechanistic
approach. Prior work in mechanistic intepretability has often shied away from dy-
namics due to added complexity of the time axis (Nanda, 2023a), with methods
such as progress measures only recently being popularized (Nanda et al., 2023) and
used for ICL (Reddy, 2023). That said, methods such as progress measures only
offer a correlational view on dynamics, as they track how various quantities evolve
through training but do not intervene directly on network learning. Analogously,
older mechanistic interpretability works use linear probes to read out activations
correlated with network behavior, yet these methods have been shown to lead to
incorrect conclusions, when tested against more rigorous causal ablation methods

(Morcos et al., 2018; Belinkov, 2021; Hayne et al., 2022).

We introduce clamping as a method to causally intervene on dynamics. We first
establish its usefulness in understanding the emergence of ICL: Namely, elucidating
the underlying interactions that give rise to the stereotyped phase change that is
indicative of induction circuit emergence (Singh et al., 2024). Specifically, we find
that 3 interacting sub-circuits all need to “go right” at the same time, which is what

leads to the phase change (Section 4.4).

We then apply clamping to tackling the original question of why ICL emerges,
if only to give way to IWL-based strategies asymptotically. From our first work, it is
clear that data properties play a role in incentivizing emergence, yet not in the sense
of making ICL asymptotically preferred. We find a surprising strategy, context-
constrained in-weights learning (CIWL), is actually asymptotically preferred on
bursty data. The earlier emergence of ICL is driven by cooperative interactions

with this CIWL strategy (as shown by clamping analyses), before eventual compet-



1.4. Implications 39

itive interactions “crowd out” ICL, leading to its transience. This dynamical under-
standing, in combination with the data properties found earlier, finally answers the
question of why ICL emerges (transiently), even when training on data that does

not explicitly require it.

1.4 Implications

Our work emphasizes that some of the most critical abilities of modern neural net-
works may in fact be dynamical phenomena. Alongside this discovery, we pioneer
methods for studying such dynamical phenomena: clamping (for mechanistic in-
vestigations), as well as a minimal mathematical modeling toolkit that reproduces
key dynamics. While the dynamics we study are in the setup of emergent in-context
learning, the phenomena themselves (sudden emergence through phase changes,
transience, cooperative and competitive interactions) are quite general, and we hope
the understanding thus extends to other capabilities.

In the modern scaling paradigm, the two main axes are training a larger model
or training for longer (or more recently, on longer context data, for the new paradigm
of reasoning models (OpenAl, 2024c; DeepSeek-Al et al., 2025)). Our work sheds
light on the types of dynamics that may influence the appearance and disappearance
of critical strategies in the case of training for longer. As neural network models
become increasingly powerful, we hope this understanding will also help the field
of Al safety in understanding how abilities may emerge (or disappear) in future

larger scale systems through the course of training.
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Data distributional properties drive
emergent in-context learning in

transformers

This chapter is based on:

Stephanie Chan, Adam Santoro, Andrew Lampinen, Jane Wang, Aa-
ditya Singh, Pierre Richemond, James McClelland, and Felix Hill.
Data distributional properties drive emergent in-context learning in
transformers. In S. Koyejo, S. Mohamed, A. Agarwal, D. Belgrave,
K. Cho, and A. Oh, editors, Advances in Neural Information Process-
ing Systems, volume 35, pages 18878-18891. Curran Associates, Inc.,
2022.

This was our first work on understanding why ICL may be emergent, without being
explicitly trained for, and introduces the key synthetic setups and data properties
we use for much of the rest of the work. My contributions to this work were during

ideation, iterating on experiments, providing feedback, and helping in writing of the

paper.

2.1 Introduction

Large transformer-based language models show an intriguing ability to perform

in-context learning (Brown et al., 2020). This is the ability to generalize rapidly
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from a few examples of a new concept on which they have not been previously
trained, without gradient updates to the model. In-context learning is a special
case of few-shot learning in which the output is conditioned on examples from a
‘context’, and where there are no gradient updates. It contrasts with ‘in-weights’
learning (IWL), which is the standard setting for supervised learning — this is slow
(requiring many examples), and depends on gradient updates to the weights. Earlier
work in the context of ‘meta-learning’ showed how neural networks can perform
few-shot learning without the need for weight updates (Santoro et al., 2016; Wang
etal., 2016; Vinyals et al., 2016). To achieve this, the researchers explicitly designed
the training regime to incentivize in-context learning, a process sometimes called
‘meta-training’. In the case of transformer language models, however, the capacity
for in-context learning is emergent. Neither the model’s transformer architecture

nor its learning objective are explicitly designed with in-context learning in mind.

Here, we consider the question of how transformer language models are able
to acquire this impressive ability, without it being explicitly targeted by the train-
ing setup or learning objective. The emergence of in-context learning in language
models was observed as recurrent models were supplanted by transformers, e.g. in
GPT3. Was the novel architecture the critical factor behind this emergence? In this
work we explore this possibility, as well as a second: that a capacity for in-context

learning depends on the distributional qualities of the training data.

This hypothesis was inspired by the observation that many natural data sources
— including natural language — differ from typical supervised datasets due to a few
notable features. For example, natural data is temporally ‘bursty”. That is, a given
entity (word, person, object, etc) may have a distribution that is not uniform across
time, instead tending to appear in clusters (Sarkar et al., 2005; Alvarez-Lacalle et al.,
2006; Neuts, 2007; Altmann et al., 2009; Serrano et al., 2009; Lambiotte et al.,
2013). Natural data also often has the property that the marginal distribution across
entities is highly skewed, following a Zipfian (power law) distribution with a long
tail of infrequent items (Zipf, 1949; Piantadosi, 2014; Smith et al., 2018). Finally,

the ‘meaning’ of entities in natural data (such as words in natural language) is often
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dynamic rather than fixed. That is, a single entity can have multiple possible inter-
pretations (polysemy and homonymy, in language) and multiple entities can map
to the same interpretation (synonymy, in language), usually in a context-dependent
way. The combination of these properties may result in training data that occupies
some middle-ground between the data used in canonical supervised learning and

that used for few-shot meta-training.

In particular, standard supervised training typically consists of item classes that
recur with uniform regularity, and with item-label mappings that are fixed through-
out training — these properties allow a model to gradually learn over time, by en-
coding information into its weights, e.g. via gradient descent. By contrast, few-shot
or in-context meta-training generally involves training a model directly on specially
crafted sequences of data where item classes only recur and/or item-label mappings
are only fixed within episodes — they do not recur and are not fixed across episodes
(Santoro et al., 2016; Vinyals et al., 2016). Naturalistic data, such as language or
first-person experience, has characteristics of both of these data types. As in super-
vised training, items (words) do recur, and the relationship between an entity and
its interpretation (or meaning) is fixed, to some degree at least. At the same time,
the skewed and long-tailed distribution of natural data means that some entities
recur very frequently while a large number recur much more rarely. Importantly,
however, these rare items are often bursty, making them disproportionately likely
to occur multiple times within a given context window, somewhat like a sequence
of ‘meta-training’ data. We can also see the dynamic relationship between entities
and their interpretation (epitomized by synonyms, homonyms, and polysemy, in the
case of language) as weaker versions of the completely dynamic item-label map-
pings that are used in few-shot meta-training, where the mappings are randomly

permuted on every episode.

In this paper, we experimentally manipulated the distributional properties of
the training data and measured the effects on in-context few-shot learning. We per-
formed our experiments over data sequences sampled from a standard image-based

few-shot dataset (the Omniglot dataset; Lake et al., 2015). At training, we fed
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each model (such as a transformer or recurrent network) with input sequences of
Omniglot images and labels, varying the natural data-inspired distributional prop-
erties of choice. At evaluation, we assessed whether these properties gave rise to
in-context learning abilities.

Our results showed that, indeed, in-context learning emerges in a transformer
model only when trained on data that includes both burstiness and a large enough
set of rarely occurring classes. We also tested two instantiations of the kinds of
dynamic item interpretation observed in natural data — having many labels per item
as well as within-class variation. We found that both interventions on the training
data could bias the model more strongly towards in-context learning. The mod-
els we tested typically exhibited a tradeoff between rapid in-context learning vs.
relying on information that was stored through slow, gradient-based updates (*“in-
weights” learning). However, we found that models could simultaneously exhibit
both in-context learning and in-weights learning when trained on a skewed marginal
distribution over classes (akin to the Zipfian distribution of natural data).

At the same time, architecture is also important. Unlike transformers, recurrent
models like LSTMs and RNNs (matched on number of parameters) were unable to
exhibit in-context learning when trained on the same data distribution. It is impor-
tant to note, however, that transformer models trained on the wrong data distribu-
tions still did fail to exhibit in-context learning. Thus, attention is not all you need

— architecture and data are both key to the emergence of in-context learning.

2.2 Experimental Setup

2.2.1 The training data

To investigate the factors that lead to in-context few-shot learning, we created train-
ing and evaluation sequences using the Omniglot dataset (Lake et al., 2015, MIT
License), a standard image-label dataset for few-shot learning. Omniglot consists
of 1623 different character classes from various international alphabets, with each
class containing 20 handwritten examples. Using the Omniglot dataset allowed us

to apply evaluation procedures that are standard in the study of few-shot learning.
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(a) Model, inputs, and outputs.

.

(b) Training sequences.
‘ bursty ?

bsm dme Q 218 bsm h45 Qe g579 b821 O\

‘ transformer (causal)

ot ot || Pttt

: 5_ non-bursty ?
(= (2] [@] [em]
image label -Fnas has dmos bsm dzle 2 g 579 (907 O\
context query context query
(c) ICL eval. (d) IWL eval.

? ?
XO XO Z1 XO 21 Z1 XO Z_l -Fnse has dmos bsm i436 2 2 9579 Ceo7@
context query context query

Figure 2.1: Experimental setup of the Omniglot sequence prediction task, for this chap-
ter, as described in Section 2.2. In these example sequences, we add colors
and use only Latin characters for visualization purposes. (a) For each exper-
iment, a transformer model is trained on sequences of image-label pairs. The
model is trained to minimize the loss on predicting the label corresponding to
the final ‘query’ image. (b) In training, image-label mappings are fixed across
sequences, in contrast to few-shot meta-training. The training data consist of a
mix of ‘bursty’ and ‘non-bursty’ sequences. Bursty sequences, featuring mul-
tiple occurrences of the same classes, can be solved by learning labels across
sequences (in-weights learning), or referring back to the context (in-context
learning). Non-bursty sequences were composed of i.i.d. images. (c¢) To eval-
uate few-shot in-context learning, the model is presented with a standard few-
shot sequence. The holdout image classes were never encountered in training,
and are randomly assigned to labels {0,1}. Thus the model must use the context
to predict the query label. We refer to this as the “ICL eval.” (d) To evaluate
in-weights learning, the model is presented with sequences where the labels are
the same as in training. However, the query class does not appear in the context.
Thus, the model must used information stored in weights to predict the query
label. We refer to this as the “IWL eval.”
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The few-shot challenge is to classify an example of a character class that was never
seen in training, based only on a few examples of that class and some alternate
classes.

The training data consisted of sequences of images and labels (Figure 2.1b).
The first 16 elements of each sequence comprised the ‘context’, and consisted of
8 image-label pairs (where each image was always followed immediately by its
corresponding label). The final element was the ‘query’ image, and the aim of the
model was to predict the correct label for the query.

Images were allowed to recur throughout training, and the integer label for
each image class was unique and fixed across training, as in typical supervised
datasets. We emphasize that this is a major departure from conventional few-shot
training, where item-label mappings are completely novel on each episode, or the
items themselves are novel on each episode.

In our standard experiments, we trained the model on a mixture of ‘bursty’ and
‘non-bursty’ sequences. In the bursty sequences, the query class appeared 3 times
in the context. There are many possible ways to quantify or instantiate burstiness
(e.g., Sarkar et al., 2005; Alvarez-Lacalle et al., 2006; Neuts, 2007; Altmann et al.,
2009; Serrano et al., 2009; Lambiotte et al., 2013), but the ‘bursty’ sequences in our
experiment were designed to reflect the within-context burstiness that is observed
in e.g. language. To prevent the model from simply outputting the most common
label in the sequence, a second image-label pair also appeared 3 times in the con-
text. For the non-bursty sequences, the image-label pairs were drawn randomly and
uniformly from the full Omniglot set. We can continuously vary the overall degree
of burstiness in a dataset by changing the proportion of ‘bursty’ vs ‘non-bursty’

sequences.

2.2.2 The model

We trained 12-layer decoder-only Transformer models Vaswani et al. (2017) with
absolute, additive sinusoidal positional encodings and a hidden dimension of
dmodel = 64. There were 8 heads per layer, an MLP expansion factor of 4 was

used, and LayerNorm Ba et al. (2016) was applied at the start of each block. To em-
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bed Omniglot images, we jointly learned a resnet encoder He et al. (2015) with two
blocks per group and channels per group (16, 32, 32, 64). Labels were embedded
using a standard embedding layer. All models were trained on a softmax cross-
entropy loss on the prediction for the final (query) image using the Adam optimizer
Kingma and Ba (2015) with a learning rate schedule consisting of a linear warmup
up to a maximum learning rate of 3e-4 at 4000 steps, followed by an inverse square
root decay to the maximum of 5e5 steps. The batch size (for each step) was 32
sequences. Error bars in all plots are calculated over 3 to 5 runs, depending on the

plot.

2.2.3 The evaluation data

We evaluated trained models on two types of sequences, to measure (1) in-context
learning and (2) in-weights learning. As in the training sequences, the evaluation
sequences also consisted of 8 pairs of ‘context’ image and label tokens, followed by
a single ‘query’ image token.

To measure a trained model’s ability for in-context few-shot learning, we used
a standard few-shot setup (the “ICL eval”). The context consisted of a random
ordering of 2 different image classes with 4 examples each, and the query was
randomly selected from one of the two image classes (a ‘4-shot 2-way’ problem,
in few-shot nomenclature). Unlike in training, where the labels were fixed across
all sequences, the labels for these two image classes were randomly re-assigned for
each sequence. One image class was assigned to 0, and the other to 1 (Figure 2.1c¢).
Because the labels were randomly re-assigned for each sequence, the model must
use the context in the current sequence in order to make a label prediction for the
query image. For all the results presented in this chapter with the ICL eval, we use
holdout image classes that were never seen in training, though results are generally
similar if using classes that were seen in training (with slightly higher accuracies
across the board — see Appendix A.1).

Although the model is always required to perform a full multi-class classifica-
tion over all possible output labels (as in training), few-shot accuracy is computed

by considering the model outputs only for the two labels seen in the few-shot se-
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(a) In-context learning on holdout classes.
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Figure 2.2: Effects of burstiness. P(bursty) indicates the proportion of training sequences
that were bursty vs non-bursty. Models are evaluated on the two types of eval-
uation sequences, over the course of training. Burstiness in the training data
increases in-context learning, and decreases in-weights learning.

quence (0 and 1), with chance at 1/2. This ensures that performance above chance
cannot be due to e.g. randomly selecting one of the labels from the context.

To measure in-weights learning of trained classes in a model, evaluation se-
quences consisted of image classes that were selected uniformly without replace-
ment, with the same labels that were used in training (Figure 2.1d). Because the
image classes were forced to be unique within each sequence, the query had no
support in the context. Thus, the only way for a model to correctly predict the label
was to rely on information stored in the model weights. For this problem, where the

correct query label could be any of the labels seen in training, chance was usually

1/1600.

2.3 Results

Across all the experiments in this section (Figs 2.2-2.3), we also evaluated in-
context learning on training classes (rather than holdout classes), again randomly
assigning the classes to labels 0 and 1 (rather than using the ones seen in training).

Evaluations looked similar in all cases, with only slightly higher performance.

2.3.1 Burstiness is essential for emergent ICL

We vary levels of burstiness in the training data by varying the proportion of bursty
vs non-bursty sequences in the training data (as described in Section 2.2.1). These
experiments replicate the finding that transformers can acquire in-context few-shot

learning even without explicit meta-training — notably, p(bursty) > 0 is required for
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(a) In-context learning on holdout classes.
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Figure 2.3: Effects of in-class variation. When we increase the in-class variation (from
left to right), in-context learning tends to increase (a) while in-weights learning
decreases (b). Both effects are nonetheless upper-bounded by the difficulty of
in-class generalization, with the ‘Full Omniglot’ problem being more difficult
than the rest. For the ‘Full Omniglot’ experiments, each class contained the
full set of 20 Omniglot exemplars per class. For the remaining experiments,
each consisted of only a single Omniglot exemplar image, with varying levels
of Gaussian pixel noise.

any ICL to emerge. They further show that, as hypothesized, the model displays bet-
ter in-context learning with more burstiness in training (Figure 2.2a). We also see
that in-context learning trades off against in-weights learning — greater burstiness si-
multaneously leads to lower weight-based learning (Figure 2.2b). Interestingly, the
models can in some cases lose an initial bias towards in-context learning, moving

towards in-weights learning over the course of training.!

2.3.2 In-class variation is necessary for emergent ICL

As mentioned earlier, the Omniglot dataset consists of 20 exemplars per class,

which means multiple images are mapped to the same label. This effect is anal-

'In Chapter 3, we will see that this is actually true in all cases, just with varying timescales, but
here we continue with the experiments in our first work.
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Figure 2.4: Dynamic meanings improve in-context learning. Increasing the number of la-
bels per class (‘label multiplicity’) increases in-context learning.

ogous to how in natural language, multiple words could have the same meaning.
We consider the importance of this “in-class variation” here by considering ver-
sions of our dataset with reduced variation, or synthetic (as opposed to naturalistic)

variation.

In Figure 2.3, we show that removing in-class variation, by making each class
only consist of 1 exemplar, leads to ICL disappearing and only IWL being learned.
We then add in-class variation in a more controlled fashion, by adding pixel-level
Gaussian noise, which leads to ICL reappearing. We notice an interesting interac-
tion between in-class variation and burstiness: At low levels of in-class variation, we
need P(bursty)=1 to see any ICL. As in-class variation is increased, progressively
lower levels of burstiness are needed to elicit ICL, but again we see that P(bursty)=1
is necessary for what-appears-to-be persistent ICL. Overall, these results show how

that in-class variation is crucial for the emergence of ICL.

Generally, this finding is somewhat surprising, as in-class variation makes ICL
more difficult as well (matching an exemplar to any exemplar from its class, rather
than the same exemplar in the case of 1-exemplar-per-class).”> We suggest that in-
class variation makes IWL “even more” difficult, thus making ICL emerge more
strongly. In other words, in-class variation preferentially hampers in-weights learn-

ing more than it hampers in-context learning.
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(a) In-context learning on holdout classes. (b) In-weights learning on trained classes.
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Figure 2.5: Effects of number of classes. Increasing the number of training classes im-
proves in-context learning, while reducing in-weights learning.

2.3.3 Label mutliplicity necessitates ICL

A variant of the above experiments would be to instead introduce label multiplicity,
inspired by dynamic meanings of words: instead of multiple words that have the
same meaning, as in Section 2.3.2, a single word in natural language will often have
multiple meanings, with the specific meaning being inferred from context (Gale
et al., 1992).

We experimented with this idea by assigning each image class to multiple pos-
sible labels and, in the data sequences, randomizing the label shown after each
image from among the possible labels. If a class appeared more than once in the
same sequence, the label was consistent for all presentations within that sequence
(to match natural language). In Figure 2.4, we see that increasing the ‘label multi-
plicity’ (the number of labels per class) also increases in-context learning. Again,
burstiness was fixed for these experiments at p(bursty) = 0.9.

These findings are not as surprising as the in-class variation results, as label
mutliplicity creates sequences where ICL is necessary to minimize loss: a pure
IWL strategy would have no way of disentangling the multiplicity of labels, as the

only way to do so is by using context.

2.3.4 A large number of rare classes is necessary for emergent

ICL

Next, we consider the effect that vocabulary size (in our setup, the number of

classes) may have on in-context learning. As we increase the number of classes

ZWe revisit this observation in Chapter 5 with more controls.
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from 100 to 1600 (and correspondingly decrease the frequency of each class), we
see improvement of in-context learning (Figure 2.5a). As before, we also see an
accompanying decrease in in-weights learning (Figure 2.5b). This accords with our
hypothesis about the importance of having a long tail in the distribution, or a large
vocabulary. Note that the bias against in-weights learning cannot be explained by
the number of exposures to each class — even controlling for the number of expo-
sures, the model trained with 1600 classes is much slower to achieve similar levels
of in-weights learning. Importantly, we need both burstiness and a large number
of classes for in-context learning to emerge (as evidenced by all curves showing
p(bursty)=0.9, yet ICL not emerging if only using 100 classes).

In order to further increase the number of classes beyond the 1623 available
in the original Omniglot dataset, we rotated (0°,90°,180°,270°) and flipped (left-
right) the images, obtaining 8 x more image classes. We ensured that the holdout
set did not include transformed versions of train images. Training on these 12800
classes further improved in-context learning (and reduced in-weights learning) (Fig-

ure 2.5).

2.3.5 Zipfian marginal distributions enable co-existent ICL and

IWL

In the previous section, we saw a consistent tradeoff between in-context learning
and in-weights learning — no models could maintain both. However, it is useful for
a model to have both capabilities — to remember information about classes that will
re-appear in evaluation, while also being able to perform rapid in-context learning
on new classes that appear only in holdout. Large language models certainly do
have both of these capabilities. How might we achieve this?

For all prior experiments, the training data were marginally distributed uni-
formly over classes, even if the data were non-uniform in other ways. l.e., each
class was equally likely to appear, marginalizing across the dataset. We postulated
that we might achieve both types of learning in the same model by instead training
on marginally-skewed distributions. In this case, some classes appear very com-

monly, while most classes appear very rarely. Many natural phenomena such as
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(a) Examples of Zipfian distributions. (b) Distribution of tokens in a natural lan-
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Figure 2.6: Effects of training on Zipfian (rather than uniform) marginal distributions over

classes. (a) Examples of Zipfian distributions with varying exponents. (b) The
distribution of tokens in an example English-language corpus. In (c-e), bars
indicate mean evaluation accuracy in the window [400k, 500k] steps of train-
ing. (¢) As we increase the Zipf exponent, i.e. increasing the skew on the class
distribution, we see a decrease in in-context learning. (d) In-weights learning
of the 10 most common classes, in contrast, increases with more skew. With
uniform training (Zipf exponent = 0), the model exhibits only in-context learn-
ing and not in-weights learning. However, if we train on skewed distributions,
there is a sweet spot where both in-context learning and in-weights learning
can be maintained at a high level in the same model (Zipf exponent = 1, for
this particular training regime). Coincidentally, a Zipf exponent of 1 corre-
sponds approximately to the skew in many natural languages. (e) Rare items
from training are never memorized (performance is at chance for all Zipf expo-
nents).
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word distributions take this form, and are classically described as a Zipfian (power

law) distribution (Zipf, 1949):

p(X =x) % @.1)
Here, X is the rank of the class (e.g. 1 for the most common class), and the exponent
o € [0,00) determines the degree of skew. Figure 2.6a shows some examples of
Zipfian distributions with various exponents. Figure 2.6b shows an example of
token distributions in English (from the Brown corpus; Francis and Kucera, 1979).3
This type of skewed distribution could allow a model to learn common classes in

its weights, while the long tail of rare classes simultaneously induces an ability for

in-context learning.

To test this hypothesis, we trained on Zipfian distributions, varying the Zipf
exponent and hence the degree of skew. We used the same training sequences as be-
fore, with 12800 classes and p(bursty) = 0.9. Our results are shown in Figs 2.6c-e.
We evaluate in-weights learning separately on common classes (the 10 classes seen
most often in training) and on rare classes (the remaining classes). When there is
no skew, all classes are relatively rare, and we see high levels of in-context learn-
ing but no in-weights learning. Increasing the skew leads to the loss of in-context
learning and increased in-weights learning of common classes.* In between the two
extremes, we observe a sweet spot at Zipf exponent = 1, where the model maintains
high levels of both in-context learning and in-weights learning of common classes.
Intriguingly, natural languages are best described by a Zipfian distribution with an
exponent of approximately 1 (Piantadosi, 2014). Note though that the sweet spot
for simultaneously maintaining in-weights and in-context learning in transformers

may differ, depending on the training regime.
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(a) Transformer. (b) Vanilla RNN. (¢c) LSTM.
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Figure 2.7: In-context learning in transformers vs. recurrent architectures. We compare
architectures while holding fixed the number of layers, hidden layer size, and
number of parameters. Only a transformer is able to attain in-context learning;
the Vanilla RNN and LSTM never perform above chance. One run was per-
formed for each set of hyperparameters in a hyperparameter sweep. Each color
denotes one run, but not any particular hyperparameter values.

2.3.6 Data is not everything — architecture matters too

To investigate whether these results are specific to transformer models, we per-
formed similar experiments using recurrent sequence models. For these models,
we simply replaced the transformer with either a vanilla recurrent neural network
(RNN; David E. Rumelhart et al., 1985) or a long short-term memory network
(LSTM; Hochreiter and Schmidhuber, 1997). We used the same training sequences
as before, with 1600 classes and p(bursty) = 0.9. We also used the same image
and label encoders, and cross-entropy classification loss. The recurrent models
were matched to the transformer for depth, number of parameters, and hidden layer
size. We performed a comprehensive hyperparameter search for all models (see

Appendix A.2 for details).

In these experiments, we see that the recurrent models are never able to achieve
in-context learning, despite the parity in training setup (Figure 2.7). Interestingly,
the transformer actually outperforms the recurrent models on in-weights learning as
well (see Figure A.2 in Appendix A.2), indicating that we cannot explain these re-
sults by proposing that recurrent models are simply more biased towards in-weights

learning than transformers.

3Plot generation adapted from https:/gist.github.com/fnielsen/7102991

“We see decreased in-weights learning for Zipf exponent = 3, because that level of skew leads
to extreme focus on a tiny number of classes (e.g. the three most common classes form 97% of the
data).
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2.4 Discussion

In summary, we find that both data and architectures contribute significantly to the
emergence of in-context learning in transformers.

We identify several features of training data that can promote in-context learn-
ing — burstiness, dynamic meaning (as instantiated by in-class variation or multiple
labels per class), and the number and rarity of training classes. These data prop-
erties allow in-context learning to emerge despite differing significantly from the
data used in standard few-shot meta-training, in that we allow items and item-label
mappings to recur throughout training. These properties are also central features of
natural data including language, and thus may explain the remarkable emergence of
in-context learning in large language models without explicit meta-training.

Notably, we observed three key regimes of behavior, depending on data prop-

erties:

1. IWL-only: ICL does not emerge at all. Properties that induce: p(bursty) = 0,

or no in-class variation, or small number of classes (100).

2. Transient ICL: ICL emerges, then gives way to IWL. Properties that induce:
p(bursty) = 0.5 or 0.9 with 1600 classes.

3. ICL-only: ICL emerges strongly and seems to persist. Properties that induce:

p(bursty) = 1, in-class variation, 12800 classes

Looking back, some of these make sense — when training on p(bursty) j 1, the net-
work must learn some IWL strategies to perform well on the non-bursty sequences,
which could explain Case 2. The fact that ICL still emerges briefly, presumably due
to the presence of bursty data, is interesting. We will explore these ideas further in
the next chapter.

Beyond identifying drivers of ICL emergence in larger models trained on natu-
ral language, this work demonstrates a tractable synthetic setting for studying ICL.
We will continue to use the Omniglot task introduced here, with the ICL-inducing
properties of burstiness, in-class variation, and a large number of classes, in our

subsequent work.
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2.4.1 Broader implications

This newfound understanding of data-distributional properties driving in-context
learning emergence may also help us design and collect datasets to achieve in-
context learning in domains outside of language, an area of ongoing research (e.g.
Finn et al., 2017; Wang et al., 2016; Hill et al., 2020). Given that reinforcement
learning environments are generally designed to be uniformly distributed (Chan
et al., 2022b), or that supervised datasets are frequently rebalanced to have more
uniform distributions (Chawla et al., 2002; Van Hulse et al., 2007; Katharopou-
los and Fleuret, 2019), we may be missing an opportunity to endow non-language
models with a powerful capability. We may need to consider data distributions more
carefully when pre-training in non-language domains, as well. For example, recent
work has shown that pre-training on language data was useful for offline reinforce-
ment learning, but pre-training on vision data was not (Reid et al., 2022) — could
this difference be due to the non-uniform, structured distribution of the language
data?

Since publishing our work, others have followed up and found exactly this:
Raparthy et al. (2023) find that training on sequences of bursty episodes can lead to

in-context learning of new sequential decision making tasks.



Chapter 3

The transient nature of emergent

in-context learning in transformers

This chapter is based on:

Aaditya Singh, Stephanie Chan, Ted Moskovitz, Erin Grant, Andrew
Saxe, and Felix Hill. The transient nature of emergent in-context learn-
ing in transformers. In A. Oh, T. Naumann, A. Globerson, K. Saenko,
M. Hardt, and S. Levine, editors, Advances in Neural Information Pro-
cessing Systems, volume 36, pages 27801-27819. Curran Associates,
Inc., 2023.

Building on the three cases identified in the previous chapter, I asked: What if these
3 regimes are actually the same “transient ICL” case, with data properties simply
modulating the relative speeds of ICL and IWL emergence? I find, surprisingly, that
this does seem to be the case.

My contributions to this work were comprehensive: coming up with the orig-
inal hypothesis, proposing experiments to verify it, extending these experiments to

show generality of the effect, and writing of the paper.

3.1 Introduction

Concurrent to our first work, a complementary body of work studied emergence
in massive models trained directly on organic web-scale data, with the takeaway

that impressive capabilities such as ICL are more likely to emerge in large models
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trained on more data (Kaplan et al., 2020; Rae et al., 2021; Chowdhery et al., 2022;
Wei et al., 2022). However, this reliance on massive models poses serious practical
challenges, such as how to innovate rapidly, how to train energy-efficiently and in
low-resource settings, and how to run efficiently at deployment. Thus, a growing
line of research (Fu et al., 2023; Huang et al., 2022; Eldan and Li, 2023) has fo-
cused on achieving comparable performance (including emergent ICL) in smaller

transformer models.

Overtraining is currently the favored approach for training small yet perfor-
mant transformers. These small models are trained on more data, possibly with
repetition, beyond what is prescribed by scaling laws and compute budget (Hoff-
mann et al., 2022; Touvron et al., 2023a). At its core, overtraining relies on an
assumption that is implicit in most (if not all) recent explorations of ICL in LLMs:
persistence. That is, it is assumed that once a given model has been trained suffi-
ciently for an ICL-dependent capacity to emerge, that capacity will be retained as

training progresses, provided the training loss continues to decrease.

Here, we show that the general assumption of persistence is false. We build
on our findings in Chapter 2, and find that rather than data properties controlling
which regime a transformer lands in (IWL-only, Transience ICL, ICL-only), data
properties simply control the timescale. In other words, ICL is generally transient
when it emerges, and our prior evidence (e.g., p(bursty)=1 in Section 2.3.1) pointing

at “ICL-only” cases simply did not train long enough to see the transience.

We find this transience occurs across a range of model sizes (Section 3.4.1),
dataset sizes (Section 3.4.2), and dataset types (Section 3.4.3), though we do iden-
tify some properties (Section 3.4.4) that can postpone transience. In Section 3.5, we
study ways to alleviate this risk, and show that regularization may offer a path to
persistent ICL. In Section 3.6, we present preliminary evidence that ICL transience

is caused by competition with IWL circuits.
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(a) Example sequences and outputs. (b) Model schematic.
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Figure 3.1: An overview of our setup. (a) Example sequences during training, ICL eval-
uation, and IWL evaluation. Example outputs are colored green when correct
and red when incorrect. Note that for train sequences, ICL and IWL strategies
both result in the correct answer. On ICL eval sequences, the IWL prediction is
incorrect. ICL is required to remap exemplars to the randomized O or 1 labels.
On IWL eval sequences, there are no matching exemplar-label pairs in context,
so IWL is necessary. In the language of Chapter 2, we use the same evaluators,
and always train in the p(bursty)=1 setting, to not advantage IWL unfairly (if
p(bursty) < 1, only IWL strategies can achieve perfect accuracy on the training
data). (b) Model schematic. Training and evaluation focuses on the predicted
label for the final exemplar.

3.2 Experimental Setup

3.2.1 Dataset construction

Our setup largely matches that of our previous work (see Section 2.2), using se-
quences of Omniglot (Lake et al., 2015) image-label pairs as training data. There

are a few notable differences:

* We only consider p(bursty)=1 for training sequences, as depicted in Fig-

ure 3.1.

» To explore the generality of our results, we also extend to exemplars derived
from language model token embeddings (rather than Omniglot). We use pre-
trained token embeddings from the LLaMa family (Touvron et al., 2023a) of
large language models, which use a vocabulary size of 32,000 tokens. We
extract the input embedding matrices from all four open-source LLaMa 1
models. We then subset and cluster (Johnson et al., 2019) these token em-

beddings to form 3,200 classes of 5 tokens each. For each LLaMa model
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size, we construct two such datasets, with different clustering seeds. The full

procedure is described in Appendix B.1.

* To make sure that results are not confounded by a failure to generalize to out-
of-distribution exemplars, we default to constructing evaluation sequences out
of in-distribution training classes. Note that the sequences in both ICL eval
and IWL eval are still out-of-distribution (see Figure 3.1a): in the former, the
labels do not match those from training (being re-assigned to 0-1), and in the

latter, the sequences are not bursty (while all train sequences are bursty).

3.2.2 Model and training details

For our transformer model, the “default” settings consist of the same model as that
from Section 2.2.2: 12 layers, with an embedding dimension of 64 and an additive,
sinusoidal positional encoding scheme (Vaswani et al., 2017). Each element of the
sequence is passed through an embedder, either a standard embedding layer for the
label tokens, a ResNet encoder for the exemplar images, or a simple linear layer
for exemplars created from LLaMa tokens (Figure 3.1b). All embedders are trained
jointly with the network.

In our experiments, we vary multiple aspects of this architecture and observe
the effect on the transience of ICL. All experiments were run with 2 seeds and
used the Adam optimizer (Kingma and Ba, 2015) (with default parameters of §; =
0.9, B> =0.999) and a learning rate schedule with a linear warmup up to a maximum
learning rate of 3e-4 at 4,000 steps, followed by an inverse square root decay. We
did not observe qualitative differences in behavior between seeds — shaded areas in
all figures indicate standard deviation around the mean. We ran most experiments
for 5e7 iterations, but truncated some early when signs of transience were clear.

We note that, despite the long training times, all our experiments are still in the
< 1 epoch regime, due to the combinatorial nature of our dataset. We estimate there
are over 1,600 x 1,599 x (1,598 x 1,597/2) x (8!/(3! x 3!)) x (20°) = 1.87 x 10%’
possible training sequences, of which our model sees a maximum of 32 x 5 x 107 =

6.4 x 108,
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Figure 3.2: In-context learning is transient, shown for our “default” settings: 12 layers,
embedding dimension of 64, trained on 1,600 classes, with 20 exemplars per
class. All training sequences are bursty (see Figure 3.1a for details). We pre-
viously found these settings to strongly incentivize ICL, but did not observe
ICL transience (see Figure 2.2a), as we did had not trained long enough. (a)
ICL evaluator accuracy. (b) IWL evaluator accuracy. We note that, while accu-
racy on train sequences is 100%, accuracy on the IWL evaluator is very slowly
increasing, as the test sequences are out-of-distribution. (c¢) Training log loss.
Two colors indicate two seeds used for experiments.

L2 regularization, when used, was implemented by adding the squared weights

of the model (excluding batch norm parameters) to the loss term.

3.3 In-context learning is transient

Figure 3.2a shows that ICL is transient even when using data-distributional set-
tings we previously found to strongly incentivize ICL. We annotate various aspects
of the ICL curve, such as the peak height, peak onset, and decay slope. In Sec-
tion 2.3.1, we had stopped training at 5e5 training steps, before peak onset. Training
for much longer in an identical setting leads to the disappearance of ICL. Notably,
ICL is slowly replaced by IWL (as seen by the steadily increasing accuracy on the
IWL evaluator, Figure 3.2b), all while the training loss continues to decrease (Fig-

ure 3.2¢).
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(a) In-context learning. (b) In-weights learning.
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Figure 3.3: (a-b) ICL is transient regardless of model depth, with no clear trend of peak
height or peak onset. Decay slopes are roughly similar across model sizes.

This result is especially surprising since we train in the p(bursty)=1 setting,
where ICL should be “sufficient” to fully solve the training task (since the context
always contains a relevant exemplar-label mapping that can be used). Next, we will

see it extend across a range of settings.

3.4 In-context learning is transient across settings

3.4.1 Effect of model size

We investigate whether the ICL transience effect is modulated by model size, given
the current prevalence of extremely large transformer models. We find that there
is no consistent effect of model depth on ICL transience (Figure 3.3a-b). In fact,
deeper models can lead to lower peak heights (e.g., the 18-layer model has a lower
peak height than the 12-layer model). Notably, the decay slope is similar across dif-
ferent model depths, indicating that the ICL is unlikely to persist simply by scaling
model depth.

We also experiment with the width of the model in Section 3.6, which sheds

some light on the causes of ICL transience.

3.4.2 Scaling dataset size

Next, we investigate the effects of dataset size on ICL transience. There are two

primary ways of varying the dataset size: increasing the number of exemplars per

class (a form of increasing in-class variation), or increasing the number of classes.
We previously found that in-class variation was crucial for ICL to emerge (Sec-

tion 2.3.2), and we find a similar trend here. When the number of exemplars per
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(a) In-context learning. (b) In-weights learning.
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Figure 3.4: In-class variation improves ICL, as we saw previously and again see here by
the higher peak heights, but ICL is nonetheless transient across settings.

(a) In-context learning. (b) In-weights learning.
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Figure 3.5: Effect of dataset size on ICL transience. Increasing the number of classes leads
to higher ICL peak height and a more gradual decay slope. Despite the number
of exemplar-label pairs being the same in the purple and red curves, we note
that the ICL and IWL behavior is very different when we increase the number
of classes (purple) v.s. the in-class variation (red). Also, note that chance level
performance for IWL differs slightly: 1/12,800 for the other curve (purple), and
1/1,600 for the 1,600 classes lines (red and orange).

class is increased (from 10 to 15 to 20) while keeping the number of classes fixed,
we see an increase in ICL peak height (Figure 3.4a). However, despite higher peak
heights, we also see steeper decay slopes, indicating that increasing in-class varia-

tion is unlikely to make ICL persistent.

When increasing the number of classes, we again find a similar trend (to
Section 2.3.4) with peak heights increasing (Figure 3.5a). In this case, we also
find that decay slopes become more gradual. To better illustrate the differences
between increasing in-class variation and increasing the number of classes, we
do another experiment where the total number of exemplar-label pairs is fixed to
12,800 x 20 = 1,600 x 160 = 256,000, with one run having more classes and less
in-class variation, and another run having fewer classes and more in-class variation.
We find that increasing the number of classes is a more effective way to promote
ICL (higher peak height, shallower decay slope) than increasing the in-class varia-

tion, perhaps due to each class appearing less often during training. This result also
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(a) In-context learning. (b) In-weights learning.
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Figure 3.6: ICL is transient across a range of input datasets, derived from clusterings of
LLaMa 1 token embeddings from the four different sizes. Error bars indicate
standard error across two possible datasets derived from each model’s embed-
ding matrix. Further results can be found in Appendix B.1.

indicates that, beyond a certain point, in-class variation actually hurts ICL perfor-
mance (lower peak height, steeper decay slope, as seen in Figure 3.5a). To conclude,
ICL remains transient as we increase the number of classes, but training for longer

and longer becomes necessary to make it go away, given the shallower decay slope.

3.4.3 Extending to language model token embeddings

To explore the generality of our results, we replaced the image exemplars with
exemplars derived from language-model token embeddings (procedure described
fully in Appendix B.1). On all of these token-embedding derived datasets, we
find that whenever ICL emerges, it is subsequently transient (Figure 3.6). Fur-
thermore, the peak height is lower than in our other experiments. In terms of tim-
ing, the peak onset as well as subsequent transience occurs on a quicker timescale
(note the shorter x-axis scale in Figure 3.6). These results also further corroborate
our findings on dataset size (Section 3.4.2), as the constructed token embedding-
label dataset is smaller (3,200 x 5 = 16,000 exemplar-label pairs, as opposed to
1,600 x 20 = 32,000 pairs in our Omniglot experiments), so we would expect lower
heights and sharper decay slopes. Overall, these experiments are a promising step
towards connecting our findings to natural language, and demonstrate that the tran-

sience phenomenon is not limited to image-based exemplar-label datasets.

3.4.4 Changing the data distribution

In Section 2.3.5, we saw that switching to a Zipfian marginal distribution could lead

to co-existence of ICL and IWL. Could using a Zipfian marginal distribution also
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(a) In-context learning. (b) In-weights learning.
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Figure 3.7: ICL transience as a function of dataset skew, implemented across classes in
accordance with a Zipfian distribution. (a) A moderate Zipf exponent of 1 leads
to a significant delay of ICL peak onset followed by a shallow decay slope,
implying models would need to be trained for even longer to get full transience.
However, an extreme level of skew (Zipf exponent 2) leads to the complete loss
of ICL altogether. (b) IWL, evaluated on the same skewed distribution over
query classes as in the training data (thus high accuracy on Zipf exponent 2 is
not unexpected, as the IWL test set is dominated by a small number of classes).

play a similar role in reducing the transience of ICL?

Indeed, in Figure 3.7, we find this to be the case. We implemented different
levels of skew across data classes according to a Zipfian distribution p(X = x)
x~% (x corresponds to the rank of an input class—e.g., o = 0 corresponds to a
uniform distribution). At Zipf exponent & = 1, we find a severely delayed ICL
peak onset, thereby delaying the subsequent transience, and a shallow decay slope
following this delayed onset (similar to that seen with a large number of classes in
Figure 3.5a). These results our consistent with our earlier results — stopping training
early, when using skewed distributions, can lead to a combination of ICL and IWL
in the same network (as evidenced by the increased IWL at Zipf exponent o¢ = 1
as compared to Zipf exponent o = 0, Figure 3.7b). However, it is important to
note that if the Zipfian exponent is too extreme (e.g., & = 2), ICL does not emerge
at all, and the network uses IWL to solve the task. We conclude that moderately
skewed Zipfian data does not eliminate transience, but mitigates it by necessitating
training for an even longer time to observe transience (similar to when there is a

large number of classes).

3.5 Regularization may eliminate ICL transience

If we consider that ICL is a more generally useful solution than IWL, then ICL

transience is, in a sense, the opposite of the grokking phenomenon, where a model



3.6. ICL transience may be caused by competition with IWL circuits 66

(a) In-context learning. (b) In-weights learning.
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Figure 3.8: L2 regularization potentially eliminates ICL transience. Increasing regulariza-
tion decreases ICL transience, at least up to a point. Regularization also seems
to lead instead to IWL transience. (Note that the y-axis in Figure 3.8b is zoomed
in so that IWL transience is visible.)

changes from a less to a more general solution after long periods of training (Power
et al., 2022). Regularization (or implicit regularization) may help to drive grokking
(Nanda et al., 2023; Thilak et al., 2022), with some work even showing an impact
of dataset size as well (Liu et al., 2023), analogous to what we find above. Thus,

would we see regularization mitigating the ICL transience phenomenon?

We see in Figure 3.8 that this is indeed the case, with L2 regularization seem-
ing to even eliminate ICL transience entirely, at least on the timescales that we
tested. Without any regularization, we see transient ICL as before. However, as
we add increasing levels of L2 regularization, we see that the decay slope of ICL
performance goes to 0. On the other hand, we actually observe some transience of
in-weights learning (purple and maroon curves, Figure 3.8b). These results indicate
that the ICL circuit is a lower norm solution than the IWL circuit. Thus, regular-
ization may offer a path to persistent ICL. However, with values of regularization
that are too high (> 0.0001), the network is over-regularized and ICL transience
returns, but, notably, IWL accuracy never rises above zero either (see Appendix B.2

for more train loss curves and more extreme values of regularization).

3.6 ICL transience may be caused by competition

with IWL circuits

We performed initial investigations to understand the origins of ICL transience:
why does ICL fade when the IWL solution emerges? Do the ICL and IWL circuits

compete with each other for resources, for example, in the transformer’s residual
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(a) In-context learning. (b) In-weights learning.
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Figure 3.9: (a-b) We find a trend that wider models (larger embedding sizes) have higher
ICL peak heights and more gradual decay slopes. (c-d) However, when we
trained on data that allowed us to specifically elicit each type of learning, we
found that embedding size was only consistently helpful for enhancing IWL, in-
dicating that mitigation of ICL transience is likely due to decreased interaction
between the two circuits, as opposed to an enhancement of ICL capabilities.

stream (Elhage et al., 2021)? If so, we would expect wider transformers with larger
embedding size (and therefore greater residual stream capacity) to be less afflicted
by ICL transience. In Figure 3.9a, we see that this is the case: Greater model
embedding sizes lead to higher peak heights and gentler decay slopes. However, one
confound to consider is that larger embedding may just independently enhance ICL
abilities (as they enhance IWL abilities, Figure 3.9b), rather than reduce competition

between circuits.

To better understand how scaling the embedding dimension enhances ICL and
IWL, we trained models on data that could be solved via ICL only or IWL only,
rather than being solvable by both strategies. For ICL-only training, we used the
same type of sequences used in our ICL evaluator, where the network must use ICL
to solve the query-prediction task. For IWL-only training, we used the same type
of sequences used in our IWL evaluator, where the network must use IWL to solve

the query-prediction task. Figure 3.9d shows that larger embedding dimensions
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Figure 3.10: Selectively applying weight decay to different sets of network weights reveals
that IWL relies on MLP layers. When we apply weight decay only to self-
attention layers (blue), ICL is still transient. When we only apply weight
decay to MLP layers, ICL transience is mitigated (red). These results can
be interpreted in light of prior work indicating that in-weights information is
stored in MLP layers (Geva et al., 2021; Meng et al., 2023). By selectively
penalizing this behavior, we enable ICL to persist, thus providing convergent
evidence that — when no weight decay is applied — ICL fades due to competi-
tion with IWL circuits.

enhance the model’s ability to perform IWL, but do not consistently help ICL (Fig-
ure 3.9¢). Thus, these results indicate that the increased peak height and shallower
decay slope in Figure 3.9a are likely due to decreased competitive interactions with

IWL circuits, rather than an enhancement of ICL capabilities.

3.6.1 Convergent evidence via selective regularization

We arrived at convergent evidence by building on the regularization experiments
from Section 3.5. We applied weight decay selectively to either the ResNet embed-
ding layers, the MLP layers, or the self-attention layers. When we applied weight
decay to only the self-attention layers, ICL was still transient. When we applied
weight decay to the MLP or ResNet layers, however, ICL transience was mitigated
(Figure 3.10). These results can be interpreted in light of prior work indicating
that in-weights information is stored in MLP layers (Geva et al., 2021; Meng et al.,

2023). By selectively penalizing this behavior, we enable ICL to persist, thus pro-
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viding convergent evidence that — when no weight decay is applied — ICL fades due

to competition with IWL circuits.

3.7 Related Work

3.7.1 Prior work in synthetic settings

This work builds on several papers that seek to understand in-context learning by
analyzing small networks and/or controlled data sources. Xie et al. (2021) consider
an implicit definition of ICL (defined in terms of the model’s loss) and show that the
effect can be framed as a form of Bayesian inference. Our earlier work (Chan et al.,
2022a) shows via experimentation with controlled synthetic datasets that, e.g., the
bursty and Zipfian nature of text data could play an important role in the emergence
of ICL. Many other works consider how ICL can be used to learn certain function
classes using synthetic data, and how ICL may be implementing a form of gradient
descent to accomplish this (Garg et al., 2022; Akyiirek et al., 2022; von Oswald
et al., 2022).

As with the aforementioned work, here we do not experiment directly with
billion-parameter transformers trained on web-scale corpora. Rather, we use the

setup we have shown previously to provide a useful testbed (Chapter 2).

3.7.2 Connections to larger models

Nonetheless, our work should be of relevance to studies that aim to derive ICL
in increasingly small and compact text-based language models. By training lan-
guage models of many different sizes on different amounts of data, Hoffmann et al.
(2022) identified a relationship between the amount of training and model size that
appeared compute-optimal with respect to the training loss. This correspondence
motivated Chinchilla, a 70B-parameter language model whose downstream perfor-
mance (on tasks that require ICL) was comparable to far larger models. More re-
cently, Touvron et al. (2023a) took this further, “overtraining” smaller models to
achieve lower training loss according to a given, inference-time, compute budget.
Perez et al. (2021) point out that in such work, tasks that require ICL are typi-

cally included in the models’ validation set in order to optimise hyperparameters
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directly for ICL. Our results indicate that, without appropriate validation and early
stopping, training for a long time may eventually lead to ICL gradually disappear-
ing, perhaps even without recognition from model developers. A large number of
“classes” or Zipfian data distributions (both properties of natural language (Pianta-
dosi, 2014)) can mitigate this by delaying the disappearance. Moreover, regular-
ization may completely eliminate this risk. Indeed, Hoffmann et al. (2022) find
that the use of optimizers with weight decay (Loshchilov and Hutter, 2017) leads to
models that perform better, but this benefit only manifests at later stages of training
(perhaps when ICL would otherwise decay).

Relatedly, Wei et al. (2023) find that “larger models do in-context learning dif-
ferently”: Specifically, it would seem that larger models exhibit a more general form
of ICL, being able to adapt to flipped labels in context. As larger models are rela-
tively less overtrained compared to smaller models, the transience of emergent ICL
could provide a possible explanation for such phenomena: smaller models could
be starting to lose some of their most general ICL capabilities, while larger models

would need to be trained much longer to see similar effects.

3.7.3 Reproductions in other settings

Since the publication of our original work, numerous works have reproduced the
transience phenomenon in a range of different settings, from modular arithmetic
(He et al., 2024) to natural language (Anand et al., 2024). More recent work (Park
et al., 2024; Nguyen and Reddy, 2024) has even expanded on our hypothesis of
competition being the main cause of ICL fading away, lending more evidence to

this claim.

3.8 Discussion

The key insight of this chapter is the empirical finding that, if in-context learning
(ICL) emerges in a transformer network, it may not necessarily persist as the model
continues to be trained. That is, while ICL is often emergent, it may be in many
cases also be transient (Section 3.3). Importantly, this identifies emergent ICL as a

dynamical phenomenon, rather than asymptotic one, motivating a different lens of
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study than previously taken and opening up some interesting questions:

Why does ICL emerge at all, if it is not asymptotically preferred? Since
GPT-3 (Brown et al., 2020), the emergence of ICL has become an expected phe-
nomenon in large-scale transformer models. Our experiments underline how curi-
ous it is that ICL emerges in such models given that it does not seem to be asymp-
totically preferred. We explore this question further in our subsequent work (Chap-

ter 5).

Given that ICL does emerge, why does it fade in favor of IWL? On our
training data, either ICL or IWL can reach good performance. While we do not
know for certain why ICL emerges in a network, the question remains of why it
fades if it is a viable strategy to solve the training task. Our results in Section
3.6 suggest that part of the explanation may lie in a competition between IWL and
ICL circuits for resources in the transformer residual stream (Elhage et al., 2021).
Under the assumption that IWL is asymptotically preferred, this competition would

explain why ICL fades after emerging.

Why is IWL asymptotically preferred over ICL, when both solve the task?
Induction heads (Olsson et al., 2022) are a possible circuit that may be responsible
for ICL, and comprise of two interacting components: finding a match in-context,
then copying some token forward. This “matching” operation requires matching
any of 20 exemplars to each other. On the other hand, IWL relies on learning the
exemplar-label mapping in-weights, which we show is feasible in Figure ??. IWL
could be seen as matching an exemplar to a given label, which is a 20-to-1 mapping,
instead of a 20-to-20 mapping for ICL. The latter may be more challenging, though
quicker to learn fuzzily (due to the algorithmic simplicity of ICL compared to IWL),
which may give rise to the transient appearance of ICL before the “more reliable”
IWL dominates asymptotically. Our results about “too much” in-class variation
hurting ICL (Section 3.4.2) lends is consistent with this hypothesis. We explore this

direction further in our subsequent work (Section 5.8).

How do we get ICL and IWL to co-exist asymptotically in the same model?

Large language models clearly show a co-existence of ICL and IWL. In Sec-
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tion 2.3.5, we found that training on Zipfian data allows the network to perform
ICL on rare classes, but learn common classes in-weights. Regularization was the
best strategy we found to make ICL persistent, but it leads to little-or-no IWL. Given
our results, the only effective way currently to get co-existence of ICL and IWL ap-
pears to be stopping training at the right time. Future work could investigate other

factors that may restore co-existent ICL and IWL, even asymptotically.



Chapter 4

What needs to go right for an
induction head? A mechanistic study
of in-context learning circuits and

their formation

This chapter is based on:

Aaditya K. Singh, Ted Moskovitz, Felix Hill, Stephanie C. Y. Chan,
and Andrew M. Saxe. What needs to go right for an induction head?
A mechanistic study of in-context learning circuits and their forma-

tion. In Proceedings of the 41st International Conference on Machine

Learning, ICML’24. JMLR.org, 2024

Given that emergent ICL should be viewed as a dynamical phenomenon, we build
a toolkit for causal interventions on dynamics and elucidate the underlying subcir-
cuits that need to “go right” for ICL to emerge. These interacting subcircuits are
responsible for the classic phase change (Olsson et al., 2022) associated with ICL
emergence. My contributions to this work were comprehensive: building the arti-
ficial optogenetics framework, inventing the relevant methods, iterating on the toy

model, conducting all the experiments, and writing the paper.
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4.1 Introduction

In the previous chapter, we recast emergent ICL as a dynamical phenomenon, mo-
tivating a better understanding of the dynamics of its formation. Prior work (Ols-
son et al., 2022) has shown the induction circuit (Section 1.1.4) to be responsible
for in-context learning. Notably, induction circuits (and corresponding ICL abil-
ities) emerge in a phase change — a sudden drop of the loss. Prior work has yet
to understand these dynamics — the closest is the work of Reddy (2023), who be-
gin to address this question using progress measures. Popularized by Nanda et al.
(2023), progress measures track correlational relationships between intermediate
activations during training. Given the pitfalls of correlational approaches in mech-
anistic interpretability (Morcos et al., 2018; Belinkov, 2021), we instead pioneer a
causal approach, termed clamping, which allows us to directly determine the cir-
cuits and dynamics that are causally affecting formation. Through these clamping
experiments, we bring to light a new set of mechanisms governing learning dynam-
ics.

Specifically, we take inspiration from the field of optogenetics in neuroscience,
which allows precise causal manipulations of neural activity (Boyden et al., 2005),
and develop a novel framework for causally modifying activations throughout
model training. These causal-through-training clamping analyses allow us to eas-
ily study interactions between subcircuits and isolate the underlying factors that
drive induction circuit formation. We utilize this framework to analyze induction
circuit formation in transformers. To focus in on understanding the dynamical phe-
nomenon, we restrict our attention in this chapter to 2-layer attention-only models
(the standard setting for studying induction circuits; Olsson et al. (2022)) trained on

a task that requires ICL (similar to the “ICL-only” data in Section 3.6).

As with any work towards a mechanistic understanding of dynamics, we first
provide a thorough investigation of the induction circuits in a network trained on this
task, shedding light on the dependence (and independence) of induction heads upon
each other (Section 4.3). We find that multiple induction heads form, contributing

additively to minimize the loss. Furthermore, we observe emergent redundancy, de-
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spite not applying regularization techniques such as dropout (Hinton et al., 2012),
mirroring findings on larger-scale language models (Michel et al., 2019; Voita et al.,
2019). We also find the wiring between induction heads and previous token heads
to be many-to-many, rather than one-to-one. Next, we focus on the dynamics of
formation (Section 4.4), where we use clamping (causal manipulations of activa-
tions throughout training) to identify three, smoothly evolving underlying subcir-
cuits whose interaction may be causing the seemingly discontinuous phase change.
Specifically, the third key evolving subcircuit is responsible for copying input labels
to the output (highlighted in blue, Figure 4.1a), a function that was often believed
to be easy (with most prior work focusing on the “match” operation instead, where
an induction circuit has to find the right token to attend to). Finally, we show how
data properties influence the timing of the phase change, and how this shift in in-
duction circuit formation can be better understood by individually understanding
the data-dependent formation of each of our identified subcircuits.

As a resource to the community, we open-source our artificial optogenetics
framework as part of this overarching work’s codebase at https://github.c
om/aadityasingh/icl-dynamics, providing a tool for modifying activa-
tions throughout training and conducting further causal analyses of transformers’
circuit elements. Our work and tooling represents an important step in mechanistic
understanding of training dynamics, applied here to induction circuit formation, and
we hope it spurs further progress on understanding how different computations in

transformers are learned.

4.2 Methods

4.2.1 Experimental setup

We train transformer models on a few-shot learning (FSL) task that necessitates
in-context learning. As in our prior work, sequences are series of exemplar-label
pairs, followed by a query exemplar (see Figure 4.1b). Exemplars come from the
Omniglot dataset (Lake et al., 2015). Most of our experiments here use a simplified

dataset with a random set of C = 50 classes and E = 1 exemplar per class, which we
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Figure 4.1: a) Schematic of an induction circuit, similar to Figure 1.1, except with “match-
ing” (green) and “copying” (blue) operations highlighted. We also gray out the
previous token head operation for copying label tokens. This behavior does
not robustly emerge as it is not necessary since we only train on sequences
of a fixed length (5 tokens long). b) Example training sequences built from
the Omniglot dataset and inspired by classical few-shot meta-training (like the
“ICL-only” data from Section 3.6). The context consists of two exemplar-label
pairs, where the exemplars are from different classes. The query exemplar
comes from the same class as one of the exemplars in context. The in-context
labels are randomly chosen. Every exemplar can appear with every possible
label in every possible position, forcing the transformer to use ICL to minimize
the training loss. Validation sequences either use held out class exemplars or
held out pairs of labels.

found sufficient to elicit the relevant phenomena (in this ICL-only setting). To ob-
tain input embeddings, we feed Omniglot images through an ImageNet-pretrained,
frozen Resnet18 encoder (He et al., 2015; Russakovsky et al., 2015).1

To isolate FSL capabilities, we use the standard meta-training setup where
labels are randomized for each sequence. Specifically, each sequence can be viewed
as a 2-way, l-shot classification problem (see Figure 4.1b).?> Labels are randomly
selected from L one-hot labels. To obtain input embeddings, we use a standard
learnt embedding layer.

In our default setting® (C = 50,E = 1,L = 5), we have a total of 78400 unique

I'This is a departure from our previous work, which jointly trained a Resnet encoder for images.
We made this change for simplicity, and since we found it did not affect results of the previous
chapter.

Note that, as a result, sequences are shorter than in our previous work (5 tokens instead of 17).
We found this simplification useful for more mechanistic analysis.

3In Section 4.5, we vary these parameters to more deeply study the dependence of induction head
formation on data properties.
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training sequences (Appendix C.1).

Model details We train causal, 2-layer attention-only transformer models, as used
by prior work (Olsson et al., 2022), to study induction circuit formation. Similar to
our prior work, we only train to minimize the cross entropy loss on the last token
— the predicted label for the query exemplar. We use RoPE (Su et al., 2021) for
positional encoding* and a model dimension of 64, with 8 heads per layer. As is
common for transformers outside of interpretability work, we are able to use Lay-
erNorm (Ba et al., 2016) when reading in from the residual stream to an attention
block — LayerNorm is often excluded in interpretability work because it complicates
standard analyses (Elhage et al., 2021), but our causal framework works by modi-
fying activations instead of inspecting weights or assuming linearity, circumventing
the issues.

For optimization, we use Adam (Kingma and Ba, 2015) from the optax li-
brary (DeepMind et al., 2020), with parameters 3; = 0.9, 3, = 0.999. We use a

constant learning rate of 1e — 5 and a batch size of 32 sequences.

Evaluation. To test generalization, we consider two test sets over held-out classes
and relabelings. Specifically, for “test (exemplars)”, we evaluate performance on
a random, held-out set of C;.; = 100 classes, which verifies the generality of the
“match” operation of induction circuits. For “test (relabel)”, we hold out and test
on a fixed percentage (20%) of pairs of labels. This ensures that, while all labels
are seen during training, not all pairs are. This test set verifies the generality of the

“copy” operation of induction circuits.

4.2.2 An artificial-optogenetics framework

One of the contributions of this chapter is a novel training and analysis framework
that easily exposes activations, and allows causal manipulations throughout training
(as opposed to only after training, as in prior work). The framework enables a wide
range of analyses—in this work, we use it to conduct targeted analyses of induc-

tion circuit formation via clamping. Our codebase is implemented in Equinox/JAX

4This is also different from our prior work, which used absolute positional encodings. We de-
cided to switch to RoPE given its rising popularity in larger models.
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def example_pattern_preserving_ablation(model, sequence, preserve, ablate):
# preserve - list of (layer, head) pairs to preserve patterns on
# ablate - 1list of (layer, head) pairs to ablate
base_cache = model.call_with_all_aux(sequence, cache=None, cache_mask=None)
cache = jax.tree_map(jnp.zeros_like, base_cache)
cache_mask = jax.tree_map(partial(jnp.zeros_1like, dtype=bool), base_cache)
# preserve head patterns
for layer, head in preserve:
cache[layer][head]['attn_pattern'] = base_cache[layer][head]['attn_pattern']
cache_mask[Tayer][head] ['attn_pattern'] = True
# perform other ablation, example: turning off heads
for layer, head in ablate:
cache[layer][head]['out'] = 0
cache_mask[Tayer][head]['out'] = True
return model (sequence, cache=cache, cache_mask=cache_mask)

Figure 4.2: Example pseudocode demonstrating a pattern preserving ablation using our
framework.

(Kidger and Garcia, 2021; Bradbury et al., 2018), natively supports up to 50x speed-
ups with jax. jit,> and is open-source.

In contrast to the standard practice of having modules with a forward function
implemented as __call__, we have an underlying call with_all_aux method
which returns a pytree of all intermediate activations. The __call__ method wraps
call with all aux and returns just the output. During the training process,
__call__isused. Foranalysis,call with_all_aux can be easily used to expose

all intermediate activations.

To allow for editing/ablating activations throughout training (or just post-
hoc, as done in prior work), call with all aux accepts cache and
cache_mask arguments, which have the same shape as the output pytree of
call with all aux. These caches can be used to insert activations into the
network, e.g. clamping activations at particular values during training. Com-
bined with the functional, automatic differentiation of JAX, these caches can be

input- and model-dependent, while still allowing for proper gradient routing. For

3Specficially, on the hardward used for this chapter (a 2018 MacBookPro with a 6-Core Intel
Core i7 processor and 16GB of RAM), standard training runs were sped up from ~ 330 minutes
to ~ 7 minutes using jax.jit, which our framework natively supports. Though PyTorch had
recently added torch.compile to impart similar functionality (PyTorch, 2022), interpretability
frameworks based in PyTorch at the time of this work were not compatible with torch.compile
due to their use of hooks (Cooney, 2023).
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example, Figure 4.2 shows how easy it is to implement the “pattern-preserving®
ablation” of prior work (Olsson et al., 2022). Importantly, our framework allows
implementing such causal manipulations throughout training, which enables us to
isolate the dynamics of subcircuit formation (Section 4.4.2). While prior work’
was restricted to conducting mechanistic analyses on checkpoints from training,
providing only correlational evidence, our framework allows causal interventions

on learning dynamics (see Section 4.4.3).

4.3 Induction head emergence and diversity

We first establish that training transformers as described in Section 4.2.1 leads to
ICL abilities and induction head emergence. Figure 4.3a shows loss dynamics.
Initially, the transformer reaches a plateau (perhaps indicative of a saddle point)
where its accuracy is ~50% (a loss of log2). This corresponds to the network
having learned to randomly select from the two labels in context, rather than the
full set of all possible labels (L = 5). Then, a sudden phase change in the loss
leads to near-0 loss and near-perfect accuracy on the task (99.99%). At this point,
we also observe strong generalization to unseen exemplars and unseen label pairs,
indicating the transformer has learnt a general ICL mechanism and is not simply
memorizing the training sequences.

We find that the phase change in the loss corresponds to the formation of induc-
tion circuits. We measure the “induction strength” of a head, a common progress
measure, as a difference in attention weights from the query token: [attention to the
correct in-context label token] - [attention to the incorrect in-context label token].
For example, on the sequence “A 0 B 1 A”, this would be the difference [attention
weight from 5th token to 2nd token] - [attention weight from Sth token to 4th token].

We see that the emergence of induction heads corresponds to the phase change in

®Here “patterns” are used to refer to the post-softmax attention scores from one token to others.

"We note that some prior work in vision (Ranadive et al., 2023) or masked language models
(Chen et al., 2024) has attempted to causally manipulate learning, but primarily through the use of
regularizing losses. Our framework permits more direct interventions (on activations) throughout
training.

8The model tends to place equal weight on the two labels, rather than randomly putting high
weight on one.
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Figure 4.3: a) Train and test loss curves. Transformers exhibit strong generalization to
unseen classes (orange) and label pairs (green). The loss dynamics reveal a
plateau (which may be indicative of a saddle point), where the model is ran-
domly guessing between the two labels present in context (so it has 50% accu-
racy, instead of the chance level of 20% when there are L = 5 labels). Then,
there is a phase change in the loss which corresponds to the formation of in-
duction circuits, reproducing the finding of Olsson et al. (2022). b) Induction
head strength for each Layer 2 head plotted over time. Induction head strength
is defined as the attention weight given to the correct label token minus that
to the incorrect token. All heads appear to have some induction-like behavior,
with Head 3 being the strongest and emerging first.

the loss.

To verify that Layer 2 induction heads instead of Layer 1 heads are primarily
contributing to task performance, we use our artificial optogenetics framework to
ablate the residual connection between Layer 1 heads and the output. We do this by
setting Layer 2 activations (attention patterns and values vectors) to those from an
un-ablated forward pass (keeping induction circuits intact) and then ablating Layer
1 head outputs. Such an ablation leads to a negligible change in loss and accuracy
(which drops by 0.01% to 99.98%), indicating that Layer 1 heads are not responsible
for task performance. When we apply this ablation across checkpoints, we see that

earlier in training, Layer 1 heads are contributing to minimizing the loss (perhaps
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Figure 4.4: a) Change in loss after ablating connection from Layer 1 heads to output (unem-
bedding) layer. Lower change indicates that Layer 1 head to output connections
are less important. The ablation was applied independently to each checkpoint
from the training run shown in Figure 4.3 and can thus be viewed as a progress
measure. We can see that before the phase change, Layer 1 heads are contribut-
ing to the loss, but as induction heads form and the loss goes to O at the end of
training, Layer 1 heads do not contribute to the output in a direct way. b) Same
as a), but instead the connection from Layer 2 heads to output (unembedding)
layer is ablated. Through training, importance of Layer 2 heads is increasing,
especially after the phase change that corresponds to induction head formation.

through the use of skip-trigrams; Elhage et al., 2021), but no longer towards the end
(Figure 4.4).

4.3.1 The additive nature of induction heads

One of the notable features of Figure 4.3b is the fact that many heads become strong
induction heads. What purpose do all these heads serve? Are they necessary to solve

the task?

To answer these questions, we consider two types of ablations of the fully
trained network (Figure 4.5a). The first type of ablation is similar to prior mech-
anistic work (Olsson et al., 2022), where we ablate a given head and observe the
effect on network performance (triangles, Figure 4.5a). However, we found that

this type of ablation was not very informative, and even potentially misleading, as
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Figure 4.5: a) Effect of various ablations on accuracy. Ablating any single head (triangles)
leads to virtually no decrease in task performance, with the exception of Head
3, which leads to a 1% decrease. Ablating all but a specific head (circles)
isolates how useful that specific head is, which correlates well to the induction
strength (x-axis), the metric from Figure 4.3b. Importantly, ablating Head 3
(pink triangle) performs very similar to ablating everything except Head 3 (pink
circle), which indicates the other heads function additively, and together can
make up for the deletion of Head 3. b) Training loss curves when training from
scratch with only a single head from Layer 2 active (and the rest ablated). Black
dotted line is the loss profile from the training run in Figure 4.3. Colors chosen
to match Figure 4.3b. Each Layer 2 head on its own can learn to solve the task,
though the timing of the phase change shifts and learning is slower.

ablating any head except the strongest leads to an almost unobservable decrease in
task performance. Next, we considered an ablation inspired by work on head prun-
ing (Michel et al., 2019), where all Layer 2 heads are turned off and only one head
is turned on (circles, Figure 4.5a). This ablation allows us to identify the positive
contribution of each head to the task. ° As seen in Figure 4.5a, the latter ablation

(circles) reveals a clearer picture of the importance of induction heads, showing

9There are some intuitive connections to the commonly used logit lens (nostalgebraist, 2020).
However, we emphasize that our method relies on causal ablations only and takes into account
LayerNorm, which is often a thorn for interpretability research. We measure task performance with
the ablation applied, instead of a change in logits.
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the correlation between induction head strength (which is calculated using attention
scores), and task performance.

We see that despite Head 3 being able to mostly solve the task on its own
(achieving an accuracy of 98%), other single heads can still achieve strong perfor-
mance. Furthermore, heads seem to have an additive effect, most clearly demon-
strated by comparing the pink triangle (which corresponds to ablating Head 3) and
pink circle (which corresponds to only keeping Head 3). Both achieve around 98%
accuracy, indicating that the other, weaker heads together can make up for the loss
of Head 3. These results echo similar findings in head pruning (Michel et al., 2019)

).10 Our anal-

and layer-wise redundancy of language models (McGrath et al., 2023
ysis builds on this work and cautions against the use of purely knock-out ablations
in mechanistic analyses, which may overlook redundancies and incorrectly dismiss

network pieces as not implementing a certain function.

4.3.2 Networks use additional capacity for faster training, even

if it is not necessary

Given the additive qualities observed above, a natural question is—does the net-
work need multiple induction heads to learn to solve the task? We know that we
can ablate many heads and not hurt performance at the end of training, but perhaps
these heads play a crucial role during training? To answer these question, we use
our artificial optogenetics framework to ablate all Layer 2 heads but one throughout
training. We do this for each Layer 2 head and show train loss curves in Figure 4.5b
(all networks trained from the same random initialization). We find that final net-
works attain the same near-perfect train performance as the network trained with 8
heads in Layer 2 (black dotted line in Figure 4.5b, blue line in Figure 4.3), but with
slightly slower dynamics (delayed phase change timing). Thus, it seems the net-
work may make use of the additional capacity during training to learn faster, even
though it is not strictly necessary for the task.

These experiments connect to notions of lottery tickets'! (Frankle and Carbin,

19Such redundancy is also a common observation in neuroscience (Hennig et al., 2018).
' ottery tickets typically refer to sub-networks sufficient to solve the task determined largely by
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2018; Nanda, 2023b). Specifically, we note that different Layer 2 heads exhibit
phase changes at different times (but all eventually learn to solve the task). Head 3
is the “quickest to learn” in Figure 4.5b, which may also be the reason it becomes
the strongest when training with all heads (Figure 4.3b)—perhaps heads are racing
to minimize the loss, similar to the mechanism in Saxe et al. (2022). Once Head
3 emerges, though, the ordering of phase changes in Figure 4.5b does not match
emergence in the full network (Figure 4.3b)—e.g., Head 1 is the second to emerge
and second strongest, but the third slowest when trained on its own. Additive inter-
actions could be causing Head 1 to be learned sooner, due to the presence of Head

3 (we further explore such interactions in Appendix C.2).

4.3.3 Previous token heads influence induction heads in a many-
to-many fashion

Prior work (Olsson et al., 2022) has stressed the two-layer nature of induction cir-
cuits, where induction heads in later layers rely on the output of previous token
heads in earlier layers to attend to the correct token. By inspecting attention pat-
terns, we identify three previous token heads in Layer 1: Heads 1, 2, and 5. Through
a series of ablation analyses, we find that each of these heads is enough to elicit
above-chance accuracy in at least one of the strongest induction heads in Layer 2
(see Figure C.3b). These results indicate a many-to-many wiring between previous
token heads and induction heads, with previous token heads operating redundantly
(just as induction heads operate redundantly to solve the task). Full details are pro-

vided in Appendix C.3.

4.4 'Three interacting subcircuits give rise to the

phase change in induction head formation

We now turn our attention to the dynamics of induction circuit formation. Prior
work (Jermyn and Shlegeris, 2022) indicates that reverse-S phase changes in the loss

are often due to multiple interacting components. Below, we delineate the necessary

initialization.
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computations that comprise an induction circuit (calling back to Section 1.1.4), then
study their formation dynamics in isolation using our artificial optogenetics frame-

work.

4.4.1 Terminology for this section

For clarity, we isolate and define the 5 key computations involved in an induction
circuit, as illustrated in Figures 1.1.4 and 4.6¢c. In Section 4.4.2, we will show that
these 5 computations can be grouped into the 3 primary interacting subcircuits.
Step 1 (PT-attend) Layer 1 head attends to previous token.

Step 2 (PT-copy) Layer 1 head copies previous token value into the current token’s
residual stream.

Step 3 (Routing Q/K/V) Layer 2 head reads Q/K/V'? from the correct subspaces
of the residual stream: Q from the residual, K from the output of the Layer 1 head,
and V from the residual or from other Layer 1 heads.!?

Step 4 (IH-Match) Layer 2 head matches Q to “same” K.

Step S (IH-copy) Layer 2 copies the value to the output.

Steps 1 and 2 comprise what is canonically known as a previous token head,
while Steps 3-5 form the induction head. The “match operation” (Figure 4.1a, blue)
consists of Steps 1, 2, 3gk, 4. The “copying operation” (Figure 4.1a, green) consists
of Steps 3v, 5.

4.4.2 Clamping computations to understand the causal effects

of subcircuits on dynamics

Now that we have defined these computations, we ask: how do the learning dy-
namics of each of these computations causally influence the learning dynamics of
the full model? Can we explain seemingly discontinuous qualitative phase changes,
such as the induction circuit formation, in terms of subcircuits with smoother, ex-
ponential learning dynamics?

To motivate our analysis, we extend the toy model from Jermyn and Shlegeris

12Q/K/V are the query, key, and value in the attention computation (Section 1.1.3.
3Unlike Olsson et al. (2022), we observe non-trivial V-composition in our networks. See Ap-
pendix C.3 for details.
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(2022) to the case of three interacting vectors.'* Specifically, we have three vectors
a, b, and c that are learnt using a simple mean-squared error loss, corresponding to

learning their true values (a*, b*, and ¢*) via a tensor product:

1
Z(a,be) =" @b @ —axboelr

_ %]Zk (a1bc; — aibjcr)?

The interaction between the evolution of a, b, and ¢ gives rise to a phase change
in dynamics (black, Figure 4.6a) following a loss plateau caused by a saddle point
(see proof in Appendix C.4). If we clamp c to its final value, learning is faster
(blue, Figure 4.6a), but the co-evolution of a and b still results in a phase change.
If we clamp b and ¢ (purple, Figure 4.6a), we isolate a smooth exponential loss
curves corresponding to the formation dynamics of a. This toy model gives us the
intuition that phase changes may be caused by two or more subcircuits that, when
learned on their own, evolve exponentially, but when co-evolving, induce phase
changes. Furthermore, these subcircuits could be isolated by clamping all the other
interacting components throughout training.

We apply these insights from the toy model to understanding the key under-
lying subcircuits in an induction circuit. Specifically, we aim to isolate subcircuits
where each individual subcircuit does not exhibit a phase change in its learning
dynamics, like variables a, b, and ¢ in the toy model. We restrict ourselves to con-
sidering the induction circuit with induction head Layer 2 Head 3, a minimal setting
where we observe a phase change in the loss dynamics (see Figure 4.5b). In Sec-
tion 4.5, we will show how understanding these subcircuits can help us understand
the data-dependence of phase change timing, affirming the importance of discover-
ing smoothly-learned underlying subcircuits.

To isolate these subcircuits, we iteratively clamp the computations delineated

in Section 4.4.1 at the activation level,'> using our artificial optogenetics frame-

4Our tensor product formalism for analyzing sub-circuits could be extended beyond 3. We chose
3 as we ended up finding 3 primary subcircuits contributing to induction circuit formation. We also
assume that a*,b*, ¢* # 0.

15Specifics of our implementation are provided in Appendix C.5.2 and why fixing weights to those
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Figure 4.6: a) Loss dynamics when clamping various variables in the toy model presented
in Section 4.4.2. Black shows the learning dynamics when no variable is
clamped. Only when all other interacting components (b, ¢) are clamped does
the loss curve become exponential. b) Loss dynamics when clamping various
computations outlined in Section 4.4.1. Black shows the training dynamics of
the full network with nothing clamped. ¢) Induction circuit schematic (from
Figure 4.1a), with computation steps labeled. Arrow colors chosen to illustrate
which steps are additionally clamped.
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work. Results are shown in Figure 4.6b. We start by clamping Step 1 (PT-attend),
the previous token head attention pattern (an oft-used progress measure for [H for-
mation). We train a network where one!® of the Layer 1 heads is clamped from
the start of training to a perfect PT-attend pattern. We see the loss dynamics still
exhibit a phase change (orange), with a similar profile, indicating the rest of the
computations (2-5) contain interacting subcircuits. Next, we clamp the full Layer
1 computation (PT-attend and PT-copy) and ensure that the superimposed residual
and output of Layer 1 are disentangled (see Appendix C.5.2 for details). We find
that the dynamic profile of the loss shifts substantially (red). While a phase change
is still observed, it is much sharper, lasting only ~ 7.5¢4 iterations (compared to
2e5, black). This suggests that the formation of Layer 1 attention+output circuits is
likely a key sub-component, but there are still interacting sub-components in Steps
3,4, and 5.

We take this analysis further and clamp the entire match operation (green in
Figures 4.1a, Figure 4.6), so only the copy operation (blue, Figure 4.1a) is being
learned. We see this loss profile is smoothly exponential, suggesting there are no
sub-components hidden within it. We then do the opposite, clamping the copy
operation and focusing on the dynamics of match operation formation. We see a
small saddle point followed by a quick phase change (lasting ~ 0.5¢5 iterations),
indicating that the match operation should be decomposed further. We do so by
clamping both layer 1 and copy components (Steps 1, 2, 3v, 5), which results in a

more exponential loss profile (purple, Figure 4.6).

Given these results, we believe the phase change is primarily determined by
three interacting subcircuits:

Subcircuit A: Layer 1 Attending to previous token and copying it forward.
Comprised of PT-attend and PT-copy (Steps 1 and 2).

Subcircuit B: IH QK Match Matching queries to keys in the induction head.
Comprised of Routing Q, Routing K and IH-match (Steps 3gk and 4).

at the end of training is not sufficient (see Appendix C.5.1).
16We also conducted experiments where multiple previous token heads were provided and ob-
served similar loss dynamics. See Appendix C.5.2.
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Subcircuit C: Copy Copying of input label to output. Comprised of Routing
V and IH-copy (Steps 3v and 5).

Prior work has often hypothesized the first and second components; our anal-
ysis verifies these intuitions and critically identifies the third interacting component
through the use of clamping (causal manipulations of activations throughout train-

ing).

4.4.3 Contrasting clamping to progress measures

Here, we briefly contrast conclusions one may obtain from progress measures
(Nanda et al., 2023; Reddy, 2023) to those from clamping. Progress measures track
quantities through the normal training process, often using causal ablations of inter-
mediate network checkpoints.!” Despite this causal nature per checkpoint, we note
that progress measures are actually correlational metrics, as the learning dynamics
of the quantities they track may or may not be influencing the learning dynamics of
the overall network. As such, we find our clamping method (Section 4.4.2) to be
more useful for uncovering underlying subcircuits.

We first illustrate this with the toy model explored in Section 4.4.2. To track
the evolution of “subcircuit” a, we might consider various progress measures. The
first problem we run into is that a,b, ¢ are only specified up to scalars — if (a,b,c)
is a solution, so is (—a,—b,c¢). We find this to be an interesting toy analog to
the rotations problem described in Appendix C.5.1. Given this, we might consider
tracking the squared cosine distance between a and a*. Another progress measure
we may consider, which offers a direct analog to clamping, is the loss if b =b*, ¢ =
¢*.!8 Note the difference between this progress measure and clamping is that with
the progress measure, we are considering the evolution of a during normal training
and setting b = b*, ¢ = ¢* at every checkpoint. With clamping, we setb =b*, ¢ =c¢*
throughout training and then consider the evolution of a.

Results are shown in Figure 4.7. We find that both progress measures consid-

70ur results in Figure 4.3b and Figure 4.4 are examples of progress measures, with the latter
involving a causal ablation per checkpoint.

18Specifically, we consider b = +b* ¢ = #-¢* and pick the one that yields lower loss (this choice
is made to avoid the scaling issue).
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Figure 4.7: Progress measures vs clamping in a toy model. Black curve indicates standard
training, as in Figure 4.6a. Leftmost plot shows the training loss. Right two
plots show two different progress measures for the learning of a. We note that
clamping (purple curve, leftmost plot) gives a clearer signal of the relevant
subcircuit than progress measures in standard training (black curves, right two
plots).

ered, cosine distance to true value and loss assuming b, ¢ fixed to those at the end of
training, exhibit a phase change when observed in isolation (black curves, right two
columns, Figure 4.7). On the other hand, as seen in Figure 4.6a and reproduced in
the leftmost plot of Figure 4.7 in purple, the loss curve when training with clamping
is smoothly exponential and easily interpretable.

We extend results from the toy model to our setting, and consider progress
measures corresponding to two of our clamped experiments: that of clamping the
previous token attention pattern (clamp Step 1, orange curve, Figure 4.6) and that
of clamping the whole match operation (clamp Steps 1, 2, 3gk, and 4, green curve,
Figure 4.6). We construct analogous progress measures by perfecting either the
previous token head attention pattern or induction head attention pattern for each
checkpoint in standard training and considering the loss. Figure 4.8 shows the re-
sults, with a reproduction of the relevant curves from Figure 4.6 for a side-by-side
comparison. We can see that the progress measure is informative in the sense that
it identifies the copy subcircuit (Steps 3v, 5) as quicker to learn than the subcir-
cuit consisting of Steps 2, 3gkv, 4, and 5. However, when just looking at progress
measures, both subcircuits appear to still emerge in a phase change, missing out on
the crucial distinction between the two: the copy subcircuit (Steps 3v, 5) does not
contain interacting components, whereas the other subcircuit (Steps 2, 3gkv, 4, and
5) does. These results show the benefit of the clamping approach for underlying

exponentially forming subcircuits whose dynamics of formation causally affect the
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Figure 4.8: (Left) Our clamping method applied to studying formation of composite sub-
circuit consisting of Steps 2, 3gkv, 4, 5 (orange) and copy subcircuit consisting
of Steps 3v, 5 (green). (Right) Progress measures tracking these same circuits.
We can see that the clamping analysis more clearly shows the difference in for-
mation dynamics of these two subcircuits, whereas the progress measure shows
a phase change for both.

learning dynamics of the full network.

To conclude this section, we discuss pros and cons of progress measures ver-
sus our clamping approach. Progress measures have the benefit of only requiring
access to network checkpoints after training, reducing the load of the mechanis-
tic interpretability researcher. For cases of large language models, where training
data is often not disclosed even for open-source models (Touvron et al., 2023b),
this could be especially appealing. Furthermore, as each progress measure only
involves forward passes on checkpoints, they may be easier to iterate on. On the
other hand, progress measures, as demonstrated above, provide largely a correla-
tional understanding of subcircuits giving rise to dynamical phenomena. Clamp-
ing experiments, though more complex, provide a more causal understanding of
learning dynamics. We hope that our results and open-source artificial optogenetics

framework encourages more researchers to consider these types of experiments.

In terms of scaling to larger models, the hope would be that isolated subcir-
cuits evolve quickly enough that the cost is low enough. Specifically, one can view
clamping experiments as requiring about 3x the cost of progress measures per iter-
ation (due to the forwards and backwards passes). Thus, if the number of iterations
needed to train clamped networks is substantially lower than that of the full network,

clamping experiments may actually be cheaper than progress measures.
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Figure 4.9: Data-dependent learning dynamics of the induction circuit and assorted sub-
circuits. Top row shows curves as the # of classes is increased, bottom row
shows curves as the # of labels is increased. Left-most column shows training
loss over time without any clamps on subcircuits. Middle two columns looks at
the evolution of individual subcircuits identified in Section 4.4.2, by clamping
the other two subcircuits. Right-most column shows evolution of a composite
circuit (by only clamping Subcircuit A). Middle two plots clearly show how
different subcircuits depend on different data properties, and how this can ex-
plain the overall difference in learning dynamics.

4.5 Subcircuits can explain data-dependent shifts in

phase change timing

To demonstrate the relevance of the subcircuits we identify through clamping, we
turn towards explaining changes in the timing of the phase change as we modify
various data properties. Previous work (including our own; Chapter 2) has shown
that such data properties can affect the dynamics and emergence of ICL (Reddy,
2023; Raparthy et al., 2023; Yu et al., 2023). Specifically, we consider two possible

variations: increasing the number of classes C or the number of labels L.

In Figure 4.9, we find that increasing both the number of classes and number of
labels lead to a delay in the formation of induction heads, mostly seen as a shift in
the timing of the phase change (leftmost column, Figure 4.9). This may be because
the task becomes more challenging due to the higher data diversity. To better under-
stand what leads to this delay, we look at the effect of these data properties on the
formation of some of the subcircuits identified in Section 4.4, specifically Subcir-
cuits B and C (middle two columns, Figure 4.9). We find that increasing the number
of classes makes learning IH QK Match (Subcircuit B) harder while not increasing

the difficulty of Copy (Subcircuit C), thus implying that a delay in Subcircuit B
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formation causes the delayed phase change. On the other hand, we find that when
increasing the number of labels, IH QK Match is learnt as quickly, while copy-
ing becomes way harder, indicating that a delay in Subcircuit C formation causes
the delayed phase change. These results make intuitive sense—more classes may
necessitate learning a higher precision QK matching operation (Subcircuit B), and
more labels may necessitate learning a higher precision copying operation (Subcir-
cuit C). Our analysis enables this rigorous decomposition of the phase change of

the full model into delays of formation of interacting subcircuits.

To emphasize the importance of considering these subcircuits individually, we
consider the joint evolution of both Subcircuits B and C (which we can track by
clamping Subcircuit A, analogous to the red line in Figure 4.6b). This would corre-
spond to just looking at an induction head’s formation, when a network is provided
with previous token heads (and disentangled outputs of Layer 1). We find that both
# classes and # labels seems to affect these dynamics, thus not providing as much
clarity on how these different properties might differentially affect learning dynam-
ics. Decomposing into the individual subcircuits that we identified in Section 4.4.2
provides a better understanding of how data properties differentially increase the

difficulty of induction circuit formation, leading to delayed phase changes.

Finally, we note that learning of the individual subcircuits is substantially faster
than that of the overall dynamics. By considering data-dependent effects on indi-
vidual subcircuits, we may be able to predict network behavior without having to

train for long amounts of time, waiting for a phase change.

4.6 Related tooling for mechanistic interpretability

As a key part of this chapter is introducing a new open-source, JAX-based frame-
work for mechanistic interpretability analyses, we briefly mention some other re-

lated frameworks here.!® Primary open-source frameworks include Transformer-

19We limit here to the frameworks existing at the time of this work. Since publishing, we note
that new frameworks such as penzai (Johnson, 2024) and mi shax (Kramar, 2024), that are JAX-
based, have also appeared.
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Lens (Nanda and Bloom, 2022), nnsight (Fiotto-Kaufman)?’, and pyvene (Wu
et al., 2024). All of these frameworks are built on PyTorch, allow studying and
manipulating activations from model checkpionts, and natively support many open-
source LLMs. In some cases (Fiotto-Kaufman), they even allow intervention on
gradients, but it is unclear if any of these frameworks can be used to manipulate
activations during training with proper propagation of gradients, which is a cru-
cial and unique feature of our framework. Furthermore, while our library does not
support as large a breadth of use cases, we hope the vibrant open-source JAX com-
munity will find a mechanistic interpretability framework based in JAX and natively
supporting compilation useful (including major speedup benefits), similar to the up-
take of the Rust_circuit library (Goldowsky-Dill et al., 2023) by Rust users.
The only JAX framework at the time of completing this chapter was Tracr (Lindner
et al., 2023), which allows researchers to quickly construct transformers that im-
plement certain RASP programs: a complementary focus from TransformerLens,
nnsight, pyvene, Rust_circuit and our JAX-based artificial optogenetics

framework.

4.7 Discussion

In this chapter, we focused on understanding the dynamics of ICL emergence —
specifically, the formation of induction circuits. To do this, we simplified down to
a task that requires ICL, and we switched to using two-layer attention-only models,
in line with prior mechanistic work (Olsson et al., 2022).

Through our analysis, we discovered multiple answers to what does and does
not need to “go right” for an induction circuit. We found that induction heads oper-
ate additively, with multiple heads used to learn the ICL task more quickly despite
not being necessary to solve it. This theme of redundancy carried to previous to-
ken heads, which we found to exhibit a many-to-many wiring pattern to induction
heads. Next, we used the novel clamping methodology to identify three smoothly-

evolving subcircuits whose interaction may explain the phase change in induction

20We note that an updated, more expansive version of nnsight was released (Fiotto-Kaufman
et al., 2024) after the work in this chapter was completed.
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circuit formation. Furthermore, this better understanding helped us explain data-
distribution-dependent changes in phase change timing. Of specific interest here
was the quicker timelines of subcircuit formation when isolated, which could serve
as useful intuition for understanding the effects various data ablations in large model
training may have on the learning dynamics, without having to train full networks
on each data ablation from scratch. In terms of specific subcircuits we identified,
our work demonstrated the crucial role of the copy subcircuit in explaining data-
distributional dependent delays in phase change timing (bottom row, Figure 4.9).
This added understanding may have implications for practitioners when selecting
a vocabulary size for LLMs: while larger vocabulary sizes are often preferred due
to their increased compression ratio (and thus longer effective context), they may
make copying more challenging, thereby delaying induction head formation.

Beyond our specific results on induction heads, our work here contributes a
JAX-based artificial optogenetics framework which supports compilation (yielding
nearly a 50x speedup on our hardware, see Appendix ??) and can be used to mod-
ify activations during training with proper gradient flow, a methodology we term
clamping. This framework permits causal analyses of learning dynamics, whereas
prior work mostly applied causal analyses to end networks or checkpoints from
normal training (Section 4.4.3). We view our work as taking the first steps with
this approach, and are excited to see how future work may combine our clamping
methodology with other causal mechanistic interpretability techniques, such as path
patching (Wang et al., 2022; Conmy et al., 2023) or causal mediation analysis (Vig
et al., 2020; Geiger et al., 2021; Cao et al., 2021; Geva et al., 2023; Finlayson et al.,
2021), throughout training for better understanding of transformer circuit learning
dynamics.

In the next chapter, we will apply this artificial optogenetics framework, new-
found knowledge of subcircuits, and clamping methodology to understand the dy-
namics of ICL emergence and transience in the setups from our previous work

(Chapters 2 and 3), where ICL is not necessary for solving the task.
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in-context learning

This chapter is based on:
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Stephanie C. Y. Chan, and Andrew M. Saxe. Strategy coopetition ex-
plains the emergence and transience of in-context learning, 2025. URL

https://arxiv.org/abs/2503.05631

Equipped with a toolkit for understanding dynamics (from Chapter 4), we tackle the
question of why ICL emerges at all, if only to fade asymptotically. We find a surpris-
ing hybrid asymptotic strategy, context-constrained in-weights learning (CIWL),
that has remarkable cooperative interactions with ICL, leading to its transient emer-
gence. My contributions to this work were comprehensive: conceiving the ideas
and hypotheses, conducting all experiments, developing the minimal mathematical

model, and writing the paper.

5.1 Introduction

In Chapter 3, we found that ICL is often transient, motivating a need to understand
the dynamics of ICL emergence (and transience). ICL is often viewed to be in

competition with other strategies (as suggested in Section 3.6 and supported by
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subsequent external work (Park et al., 2024; Nguyen and Reddy, 2024)), such as
IWL, with the tradeoff thought to be modulated by data properties (Chapter 2),
model size (Wei et al., 2023), and/or training time (Chapter 3). While competition
may explain why ICL gives way to other strategies through the course of training,

the question remains: why does ICL emerge in the first place (if only to fade away)?

In this chapter, we aim to extend the mechanistic understanding of ICL, which
currently focuses on induction heads (Olsson et al., 2022) and their emergence dy-
namics (Chapter 4), to a richer dynamical setting involving multiple strategies cy-
cling in and out over the course of learning. To do so, we reproduce our key tran-
sience result with a 2-layer attention-only transformer, enabling mechanistic study.
We extend our behavioral evaluators (from Sections 2.2.3 and 3.2.1) and find that the
asymptotic strategy after the disappearance of ICL is not pure in-weights learning.
Rather, it is a surprising hybrid strategy that we term context-constrained in-weights
learning (CIWL, Section 5.5). The implementation of CIWL takes the form of skip-
trigrams (Elhage et al., 2021) distributed across multiple heads in a form of superpo-
sition (Elhage et al., 2022). Perhaps even more remarkably, we find that even though
CIWL dominates over ICL asymptotically, both strategies share critical sub-circuits
(Section 5.6.1), indicating cooperative dynamics between these seemingly compet-
itive mechanisms—a phenomenon we term “‘strategy coopetition.” We borrow the
term “coopetition” from game theory, where it describes situations where competi-
tors simultaneously cooperate and compete with each other.! Cooperation enables
the emergence of ICL (despite it not being asymptotically preferred), while com-
petition leads to its eventual transience (as we found previously in Section 3.6).
Notably, ICL emergence can only occur when CIWL is not fully formed (Sec-
tion 5.6.4), which may explain the tradeoff we saw in Chapter 2: under certain

data properties, CIWL forms too “quickly,” preventing ICL emergence.

We formalize our intuitions into a minimal mathematical model capturing

coopetition dynamics and explaining the transience behavior. Our model moti-

'A classic historical examples is Hollywood studios in the early 20th century, who competed
aggressively for talent and audiences, but also collaborated to establish industry-wide standards and
jointly negotiate with labor unions.
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vates further experiments to modulate the tradeoff between strategies through learn-
ing, like reducing the asymptotic bias towards one strategy via data properties.
For the case of ICL vs CIWL, we find that matching context and query exem-
plars removes the asymptotic bias towards CIWL and leads to the persistence of
the “faster” ICL strategy (relating to some of the prior intuitions we had in Sec-
tions 2.3.2,3.4.2, and 3.8).

This chapter represents a step forward in understanding how different strategies
trade off during learning, through mechanistic investigations on the transience of

ICL.

5.2 Experimental setup

5.2.1 Training details

Like Chapter 4, here we train 2-layer attention-only transformers (Vaswani et al.,
2017; Elhage et al., 2021) to enable mechanistic study. We use d;pq.; = 64, with
8 heads per layer and learned absolute positional embeddings.> We used the Adam
optimizer (Kingma and Ba, 2015) with 8; = 0.9, B, = 0.999, a learning rate of
1073, and a batch size of 32 sequences. All models were trained in JAX (Bradbury
et al., 2018), with code available in the Github repo: https://github.com/a

adityasingh/icl-dynamics.

5.2.2 Dataset

For the task, we use a simplified version of the task in Section 3.2.1, merging with
some of the simplifications in Section 4.2.1. Specifically, we reduce the context
to just two exemplar-label pairs, one from the same class as the query, one from a
distractor class (this maintains the p(bursty=1) property). Exemplar-label mappings
are fixed through training (as in Chapters 2 and 3), allowing the model to use ICL
or IWL strategies. All experiments in this chapter use a random 12800 classes for
training, using rotations and flips to augment Omniglot (Lake et al., 2015) classes

as first introduced in Section 2.3.4. In Appendix D.1.3, we also considered using

2We considered various alternative architectures, such as those with MLPs or RoPE (Su et al.,
2021), in Appendix D.1.
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Figure 5.1: (a) Example sequences seen during training and evaluation. Training data is

“bursty”, enabling both in-context and in-weights strategies (the context always
contains an exemplar from the same class as the query, but also exemplar-label
mappings are fixed throughout training). Evaluation sequences (below dotted
line) build on those from Section 2.2.3 and are designed to measure the pres-
ence of different strategies. ICL relies on the exemplar-label mapping in con-
text. IWL depends solely on in-weights information. CIWL requires the correct
label in context, but not the query exemplar. The Flip evaluator measures the
balance between ICL and CIWL (1.0 means pure ICL, 0.0 means pure CIWL).
Bolding indicates OOD exemplar-label pairings. Grayed outputs indicate ran-
dom selection between the two in-context labels. (b) Accuracy on sequences
from (a), over the course of training. “In-context accuracy” is computed by re-
stricting the network’s outputs to the two labels present in context—this ensures
the same chance level (0.5) for all plotted evaluators. ICL transience is clearly
visible in blue. IWL is not shown, as we found little-to-no IWL in the networks
(Section 5.4). We annotate four points: 1. the formation of Layer 2 circuits, the
canonical “induction head”; 2. ICL strategy dominates network output, as evi-
denced by peak in the Flip evaluator (red); 3. CIWL strategy matches strength
of ICL, as indicated by 50% performance on Flip evaluator; 4. CIWL strat-
egy dominates network output, leading Flip evaluator (red) to be 0 and CIWL
evaluator (green) to be 1. (¢) Illustration of competitive (Layer 1) and cooper-
ative (Layer 2) interactions we find between ICL and CIWL strategies. Both
strategies are present in varying amounts through training, as represented by
the varying line weights in the Layer 1 circuits: when Layer 1 acts as previ-
ous token heads, the network exhibits ICL, but when Layer 1 heads attend to
self, the network exhibits CIWL. Crucially, the computation in Layer 2 remains
largely unchanged after its initial formation, despite the strategy switch from
ICL to CIWL.



5.2. Experimental setup 100

different #’s of classes or exemplars, observing similar modulations to Chapter 3 for
the duration, timing, and magnitude of the transience effect (even with the 2-layer

attention-only model).

5.2.3 Evaluators

To measure in-context and in-weights strategies, we consider four out-of-
distribution evaluation sets (Figure 5.1a).

In the “ICL” evaluator, we replace labels from training with 0 and 1. This
invalidates any exemplar-label mappings previously stored in weights. To perform
above chance, the model is instead forced to use the mappings provided in context,
1.e. an in-context learning (ICL) strategy.

In the “IWL” evaluator, the query exemplar (and its label) does not appear
in the two context pairs, thus preventing the model from using context to per-
form the task. This forces the model to use knoweldge stored in weights, i.e. a
pure in-weights learning (IWL) strategy. Performance on this evaluator barely rises
above chance (Appendix 5.4).

The “CIWL” evaluator is like the IWL evaluator, except that while a matching
exemplar to the query is not in context, the correct label is in context. We created
this evaluator as we noticed that accuracy on the IWL evaluator stays low, even
when training 12-layer networks in Section 3.3 ( Figure 3.2b). We realized that
IWL sequences are out-of-distribution, as when training on p(bursty)=1 data (as
we do here and in Chapter 3) every training sequence contains the correct label in
context. This evaluator explicitly permits a mixed strategy where in-context label
information can be combined with in-weights information. We refer to the strategy
that achieves above chance on this evaluator (but chance on the IWL evaluator) as
context-constrained in-weights learning (CIWL). It requires the correct label token
in context, but not the full exemplar-label pairing.

Finally, the “Flip” evaluator can be seen as testing for the model’s preference
between ICL and CIWL strategies. The two context exemplars have their labels
flipped relative to training (e.g. if exemplars X and Y were trained with label map-

pings X:24 Y:25, the in-context mappings would instead be X:25 Y:24 for this eval-
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uator). The query comes from one of those two classes. If the network prefers the
ICL strategy, accuracy on this evaluator would be 1. If the network prefers CIWL,
accuracy would be 0, as it would instead output the label that was paired with the
query exemplar during training. This evaluator is especially useful in measuring
which strategy is dominant at each point in training (even when both strategies are

present in some form).

5.3 Verifying usefulness of the small model

Figure 5.1b shows a reproduction of the key transience phenomenon (Chapter 3) in
the simplified setting of this chapter (with a 2-layer attention-only model, and using
sequences of length 5 tokens for training and evaluation as detailed in Section 5.2).
Figure 5.2 shows an extended figure (with even longer training). ICL emerges and
then disappears, as evidenced by above-chance performance on the ICL evaluator
(blue). The disappearance of ICL corresponds to a rise in accuracy on the CIWL
evaluator (green), indicating that the network is somehow using just the label infor-
mation from context, in combination with some form of in-weights information, to
get the right answer.

Notably, there is a significant period of time where ICL and CIWL co-exist
(from ~3e6 to ~2e7 sequences seen). During this time, the balance between the
two strategies shifts from ICL to CIWL, as evidenced by the decrease in the Flip
evaluator (red). Early in training, ICL dominates (annot. 2). Then, ICL and CIWL
are roughly balanced (annot. 3), before ICL fades and CIWL dominates (annot. 4).
This corresponds to a switch in the network’s behavior, which first bases its output
on the exemplar-label mappings from context, and then eventually to the exemplar-

label mappings from training (in combination with the label provided in context).

5.4 Networks barely exhibit pure in-weights learning

(IWL)

In the previous section, we did not consider pure in-weights strategies, since it turns

out they barely contribut to network behavior.
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Figure 5.2: Same run as Figure 5.1b, but run 16x as long. We plot accuracy on the y-
axis here (across all 12800 labels) as opposed to in-context accuracy to more
compellingly demonstrate saturation of CIWL (green) and minimal learning of
IWL (gray). This plot lets us include that networks are in fact not learning a
pure IWL mechanism, but rather a context-constrained one which requires the
correct label in context.

Figure 5.2 depicts accuracy on a pure IWL evaluator (Figure 5.1a, gray), which
differs from the CIWL evaluator in that the correct label token does not appear in
context. As in Figure 3.2b, we find that networks perform relatively poorly on this
evaluator, instead employing a CIWL strategy (as evidenced by the delta between

green and gray curves in Figure 5.2).

That said, the performance on the IWL evaluator at the end of Figure 5.2 is
0.08%, which is above chance level (which would be 1/12800 ~ 0.008%), indicat-
ing that the network may have picked up a tiny amount of pure IWL (or it could be
noise). This prompted us to investigate further, and we did uncover a very minor

in-weights mechanism.

Specifically, if we ablate all attention heads (so that the network is just the em-
bedding — unembedding connection), we find that in-context accuracy on CIWL
sequences is 62.46% (compared to 98.74% with no ablation). With this no-heads
ablation, the network cannot actually attend to any tokens in context, so the “in-
context accuracy” can be interpreted as “how likely is the model to output the cor-
rect class over a given random class.” This value (62.46%) being above chance
(50%) indicates the model is able to do this comparison somewhat accurately using

just the embedding — unembedding pathway.

To make sure this pure IWL mechanism is not playing a key role, we consider
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the opposite ablation: zero-out the embedding — unembedding pathway, and leave
the rest of the network unchanged. We do this by using a pattern-and-value preserv-
ing ablation, using two passes through the network. In the first pass, no intervention
is used, and patterns and values are cached. In the second pass, we 0O out the em-
beddings, but use the cached activations for the attention heads, having the intended
effect. This ablation leads to a mere 2% drop in accuracy (98.74% to 96.72%), in-
dicating that the embedding — unembedding pathway is quite auxiliary compared
to the computations performed by the attention heads. Moving forwards, we will
focus on the computation of the attention heads, but note here that networks do a

small amount of pure IWL, even when trained on “bursty data.”

5.5 The asymptotic ‘“‘context-constrained in-weights

learning”” (CIWL) mechanism

Prior work (e.g., Anand et al., 2024; Nguyen and Reddy, 2024; Chan et al., 2024)
has contrasted ICL to “pure” IWL strategies that are completely independent of
context. However, we found above that the dominant asymptotic mechanism in
our networks is dependent on in-weights information but also context-constrained,
requiring the presence of the correct label in context, perhaps more analogous to
notions of task recognition (e.g., Wang et al., 2024). Here, we uncover a possible

mechanism for these strategies, in our simplified setting.

5.5.1 Layer 2 heads are skip-trigram-copiers

While label copying might appear to be a separate additive mechanism, we actually
find that CIWL is implemented through the use of attention heads in Layer 2 (L2),
which act as skip-trigram-copiers (Elhage et al., 2021). This mechanism attends to
the correct label, and then copies it forward to the output: “... [label] ... [query] —
[label].”

Figures 5.3a,b show attention patterns on the CIWL evaluator. At the end of
training, the model correctly attends from the query exemplar to the in-context la-

bel that was paired with the query during training (regardless of which exemplar
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Figure 5.3: CIWL strategy is implemented via skip-trigram-like mechanisms in Layer 2
(L2), with substantial K- and V- composition to Layer 1 (L1). (a) Average
attention patterns for L2 heads at the end of training. Attention is measured
from the query token (index 5) to each token in context. It is computed over
CIWL sequences where the correct label is at index 2. We see that, at the end
of training, L2 heads attend to the correct label, regardless of what exemplar it
is paired with in context. (b) Same as (a), except with CIWL sequences where
the correct label is at index 4. (c¢) Task performance as a function of clamped
attention delta to correct vs. incorrect label token, calculated over 5000 CIWL
sequences, when only the given head is active. CIWL accuracy increases as
attention to the correct label increases.

that label currently appears with in context). We find such trends on in-distribution
training sequences as well as OOD CIWL and Flip evaluators. Skip-trigram heads
only appear in L2, with Layer 1 (L1) heads not contributing directly to the output:
ablating L1 — output connections, via the pattern preserving method used in Fig-
ure 4.4, results in a negligible drop in accuracy (98.7% to 98.5%) on the CIWL
evaluator.

The second part of this mechanism is the copying forward of the label from
context to output. We demonstrate this through the use of causal ablations: we
clamp the attention pattern for a given head to give a certain weight to the “correct”
label token and the remaining weight to the “incorrect” label token. When consid-
ering each L2 head in isolation,? we find that modulating this weight is nearly per-
fectly correlated with output predictions (Figure 5.3c), causally indicating that each

L2 head is serving to copy input labels to the output. The combination of attending

3This is performed by taking the output of a single L2 head after our clamp, and feeding it through
the rest of the network, similar to the logit lens (nostalgebraist, 2020) but taking into account the pre-
unembedding LayerNorm.
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Figure 5.4: Preliminary evidence of superposition. (a) While average attention patterns
across heads look identical (Figures 5.3a,b), patterns on individual points can
be quite different (e.g., shown for Head 1 and 2, where each point in the plot
represents attention deltas of these two heads for a single evaluation sequence).
(b) Decreasing the temperature of any Layer 2 head’s attention operation, if it is
the only Layer 2 head active, increases performance. (¢) The same temperature
decrease does not as consistently affect performance if all heads are active,
indicating non-additive interactions.

to the correct label and copying it forward give rise to the CIWL mechanism.

5.5.2 Layer 2 heads may be acting in superposition

Our results so far on the CIWL mechanism have some curious features:
1. All heads appear to be doing the same thing on average (Figures 5.3a,b).

2. All heads are imperfect on average—attention to the correct token never con-

verges to 1 (instead plateauing around 0.8).

Here, we lay out preliminary evidence for how these heads may be acting in
superposition. Our hypothesis was inspired by Elhage et al. (2022), who find that
transformer MLP hidden layers may represent sparse features in superposition. The
skip trigrams our network is learning are sparse (each sequence only requires com-
paring 2), and numerous (12800 classes), while the network weights that can be
used to represent these are limited (eight 8-dimensional heads).

First, we find that while heads have the same attention patterns on average,
their patterns on a given sequence can be quite different (Figure 5.4a). This would
point to some form of distributed computation (which is hidden if only considering
average patterns).

The most compelling evidence we find is by considering the interactions be-
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tween different heads, and their imperfect average attention. If we consider a head
in isolation (with all the other heads ablated), we can ask if the imperfection is
“optimal.” Specifically, we consider artificially decreasing the temperature of the
softmax attention on this head,* to see if its performance5 is better or worse. We see
in Figure 5.4b that uniformly decreasing the temperature improves performance,
which begs the question: Why does the network not learn to do this?

The answer comes from considering how heads interact. If we leave all heads
active and then decrease the temperature of a head, we find that overall performance
often goes down. Each head on its own gets better at solving the task, but the inter-
head interactions can often make the network overall worse! These non-additive
interactions hint at a tight coupling between heads, and the notion that heads are
meaningfully exploiting their dynamic range of attention (instead of the simplified,
binary notion of “heads learn to attend to the correct token”). These results are
in stark contrast to the additivity of heads we observed previously (Section 4.3.1),
perhaps due to the much larger dataset being trained on (12800 classes instead of
50, and 20 exemplars per class instead of 1). We suggest this difference in head
structure is due to a form of superposition.

We conclude by noting that this suggestion is somewhat speculative, backed by
preliminary evidence. We hope this heads-in-superposition hypothesis, and prelim-
inary evidence supporting it, can motivate further work on understanding individual

attention head function.

5.5.3 Layer 1 engages in K- and V- composition, despite not be-
ing necessary

While L1 heads do not directly influence network output, ablating them completely
(without preserving patterns and values in L2) leads to a big drop in performance.

This indicates substantial composition (Elhage et al., 2021) between the two layers

4Note when conducting these experiments, we artificially also only allow the head to attend to
label tokens. We know this is what they do in practice, and we wanted to avoid high temperature
performance from being artificially hurt by increased attention to non-label tokens.

By performance here, we mean performance on the task if only this head is active. Alternatively,
this value can be viewed as a readout of the contribution of this head to the output..
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Figure 5.5: A 1-layer transformer trained on our bursty training data can learn skip-trigram-
copiers, just as well as the 2-layer model. (a) Metrics indicate that the model
learns a CIWL strategy. Notably, ICL does not emerge, as we would expect
for a 1-layer transformer (Elhage et al., 2021). (b-c) Analogous plot to Fig-
ures 5.3a,b showing that all heads learn attention from query token (index 5) to
the correct token in-context (index 2 or 4 for b, c respectively). (d) Analogous
plot to Figure 5.3c showing that all heads are copiers.

(i.e. L2 attention heads are dependent on inputs from L1), despite the fact that skip-
trigrams can be implemented with just a single layer. Figure 5.5 shows that a 1-layer
model can learn CIWL using skip-trigram-like circuits, in line with prior work that

describes 1-layer mechanisms for skip-trigrams (Elhage et al., 2021).

To dig into the specific composition between the two layers, we consider var-
ious ablations of L1 head outputs on the CIWL evaluator data, while preserving
some combination of values, keys, or queries in L2. Recall that accuracy at the
end of training on this evaluator is 98.7%, with chance level being 50%. When we
preserve everything but values, performance drops to 59.3%, indicating L1 outputs
influence L2 values in a crucial way (known as V-composition).® When we pre-
serve everything but keys, performance drops to 57.5%, indicating K-composition.
When we preserve everything but queries, performance drops to 95.4%, indicating
a very small amount of Q-composition (if at all). Thus, the primary reliance of L2
on L1 is in the calculation of L2 keys and values, begging the question: Given that
a one-layer network could implement skip-trigram-copiers, why does this observed

K- and V- composition between layers emerge?

®As defined by Elhage et al. (2021), the degree of k-, q-, and v- composition is the degree that a
previous layer contributes to keys, queries, and values (respectively) of a following layer.
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Figure 5.6: The transience of emergent ICL is driven by changes in the function of Layer 1.
(a) Average induction strength (attention delta to correct ICL token vs incorrect
ICL token) on Flip eval data of each Layer 2 head, through the course of train-
ing. We see induction circuits emerge then flip, matching the end-of-training
attention patterns shown in Figure 5.3. (b) For each available checkpoint, we
fix Layer 2 weights to be those from the end of training, and plot performance
on each of our evaluators. Using the Layer 2 weights from the end of training
(darker curves) reproduces the original behavior (lighter curves; matches Fig-
ure 5.1b) at all points in training after the initial flat portion. This indicates that
Layer 2 is not meaningfully changing during the transition from ICL to CIWL.
(¢) For each available checkpoint, we fix the Layer 1 weights to those from
a specific checkpoint (marked by the dotted orange vertical lines). After the
Layer 1 weights are fixed in this way (darker curves), network behavior does
not change, as evidenced by the flat lines on all the data we considered.

5.6 ICL emerges, despite not being asymptotic, due

to cooperative interactions with CIWL

Induction circuits (which typically underpin ICL strategies, c.f., Olsson et al.
(2022)) also show characteristic K- and V- composition, and seem to be present
during the transient emergence of ICL in our experiments (Figure 5.6a). Could the
K- and V- composition for the two strategies be related? Do these seemingly com-
peting strategies actually share circuit elements? Could that be why ICL emerges,
despite not being asymptotically preferred? In this section, we find the answer is,

remarkably, yes.

5.6.1 The ICL to CIWL transition is explained by L2 reuse and

L1 dynamics
Induction circuits are typically comprised of a “previous token” head in the 1st
layer that copies information from the previous token into the next token, and an
“induction head” in the 2nd layer that uses the 1st layer to find tokens preceded by

the present token. This enables a common form of ICL: “[A*][B*] ... [A] — [B]”
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Figure 5.7: Per-Layer-1-head average attention patterns over different data subsets through
the course of training. Top row depicts average attention from a label token (at
index 2,4) to the previous token (index 1, 3, respectively). Bottom row depicts
average attention from a label token (at index 2, 4) to itself. Most of the at-
tention on these tokens is made up of these two pieces (attention to previous
and attention to self), though tokens can attend to all previous tokens (standard
causal transformer setup). Attention patterns look similar on similar subsets,
indicating that Layer 1 heads operate similarly on our out of distribution eval-
uators. Layer 1 Head 1 appears to have transient previous token behavior, sug-
gesting it may be partly responsible for the emergence of ICL.

(Olsson et al., 2022).

Surprisingly, we find here that the L2 induction heads in the ICL induction
circuits are re-used by CIWL with little change. The transition from ICL to CIWL
is implemented by a transition in the role of LI heads, which switch from previous-

token-attention to attending-to-self (Figure 5.1c).”

This is supported by attention patterns in L1 (Figure 5.7) and L2 (Fig-
ures 5.3a,b), and also by two sets of additional experiments, inspired by the notion
of progress measures (Nanda et al., 2023).8 We take each checkpoint from training,
and then fix subsets of the network to the weights from a different checkpoint from

the same run. In Figure 5.6c, we show that fixing the first half of the network (em-

7 Algorithmically, we believe these heads are essentially learning to map label tokens to prototyp-
ical embeddings. It is hard to directly verify such a hypothesis, given the heads’ rotation invariance
and observed superposition (Appendix 5.5.2), but our evidence for the semantic stationarity of L2
points to such an algorithm.

8Despite the potential pitfalls of progress measures discussed earlier (Section 4.4.3), they suffice
for our purposes here as we wish only to comment on the role of L1 and L2 heads in naturalistic
training. We establish relevant causal relationships through clamping in Section 5.6.3.
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Figure 5.8: ICL emergence is enabled due to cooperative interactions with CIWL. (a) In
this plot, we train networks on “ICL-only” data, i.e. where ICL is a viable
strategy but CIWL is not. Without any interventions (black), we hit a loss
plateau that greatly slows learning (reminiscent of the lengthening plateaus in
Figure 4.5). However, if we replace the Layer 2 and unembedding weights with
those from end-of-training on our standard training data (green), the network
learns quickly. We thus see that these weights, which were part of a CIWL
strategy, are reusable for learning ICL. (b) We further consider using Layer 2
+ unembedding weights from different checkpoints of a “CIWL-only” run, and
then training on “ICL-only” data. Early and late checkpoints lead to no learning
of ICL, but middling checkpoints (from 9.8M to 31.5M, identified via binary
search) do enable ICL learning. (¢) We continued training different checkpoints
from the “CIWL-only” run on our standard training data. Once CIWL has
formed (later checkpoints), ICL does not re-emerge even when switching to
the bursty data (which otherwise permits ICL).

bedding + L1) to that of a checkpoint at a given point (orange dotted lines) leads to
very little change in network behavior after that point (flattening of the dark lines as
compared to the lighter lines). Conjointly, if we fix the second half of the network
(L2 + unembedding) to the checkpoint from the end of training (Figure 5.6b), we
see little difference in behavior after the initial phase change, which indicates that

Layer 2 changes are not meaningfully affecting the network after that point.

Notably, this means the canonical “induction heads” (in L2) remain, but they
become part of the computational strategy CIWL rather than ICL, due to the change
in L1. These results connect to a recently emerging notion that few-shot ICL (Brown
et al., 2020) may lie on a spectrum of ICL abilities (Lampinen et al., 2024; Yin and
Steinhardt, 2025), which we now show may be connected on the mechanistic level

via shared subcircuits.
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5.6.2 Learning the ICL strategy is enhanced by the availability
of asymptotic CIWL

Why does ICL emerge at all, if it is not asymptotically preferred? We find that
ICL’s emergence may actually be enabled by ICL’s shared L2 subcircuit with CIWL.
Thus, shared subcircuits may lead to cooperative interactions, on top of known
competitive interactions (Section 3.6, as well as Park et al. (2024)).

To show this, we train networks on “ICL-only” data, where we randomize the
exemplar-label mappings across contexts, but keep the mappings consistent within
each context. This data can only be solved by ICL, and not by CIWL (since there
are no fixed mappings to learn in weights). ° When training from scratch, we see the
network struggle to learn (Figure 5.8a, black). Yet when we previously trained on
bursty data (where CIWL was a viable strategy), we saw ICL emerge quite quickly
(Figure 5.1b). Combined, these form a striking result—ICL actually emerges more
easily when it is not the only viable strategy! Presence of an asymptotic CIWL
mechanism may be enabling ICL emergence.

To further test this hypothesis, we again trained on ICL-only data, but clamped
the weights of the second half of the network (L2 + unembedding), using those
from the end of training from our “standard run” on bursty data, after the network
has converged to a CIWL strategy. Through this causal intervention on dynamics
(an example of clamping, Section 4.4.2), we show that ICL can emerge quite rapidly
(Figure 5.8a, green) with the help of the CIWL weights for Layer 2. These findings
connect to the notion that loss plateaus may arise from multiple sub-circuits needing
to go right (Section 4.4). When the Layer 2 subcircuits are provided, ICL emerges

quickly.

5.6.3 ICL is “close to” the path towards CIWL

One confound in the previous experiment is that CIWL weights at the end-of-
training were likely influenced by the earlier presence of ICL (a possible path de-

pendence). Here, we consider a stricter version of the experiment.

This resembles the setup used in Chapter 4, except with 12800 classes and 20 exemplars per
class.
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We start by training networks on “CIWL-only” data: sequences drawn from the
same distribution as the CIWL evaluator, which can be solved by CIWL but not ICL.
We then take checkpoints from different points in training of this CIWL-only run,
and use the L2 + unembedding weights to repeat the experiments of Section 5.6.2;
namely, clamped training on ICL-only data. Essentially, we are asking if the 1.2
weights when learning a CIWL strategy, without influence from ICL, can still en-
able ICL strategies.'® Surprisingly, we find that the answer is, for a brief period,

yes.

Figure 5.8b shows training curves of our clamped networks on ICL-only data.
Each curve is colored based on the iteration from the CIWL-only run that the
clamped weights come from. We see that there is a region from about 10M to
32M sequences seen where ICL can emerge. After this point, L2 weights likely
specialize too strongly on a CIWL strategy (as they are being trained on data that

only permits such strategies), and thus can no longer be re-used for ICL.

5.6.4 If CIWL is fully formed, ICL will not emerge

To understand why and when ICL emerges, a final critical factor is that CIWL is
“slow” to emerge on certain data distributions, relative to ICL. If this were not the
case, the competitive interactions might dominate and CIWL might prevent ICL
from ever emerging (as is the case under various data properties, as we found in

Chapter 2 and reproduce in this smaller-scale setup in Appendix D.1.3).

To show more directly that ICL cannot emerge once CIWL has fully formed,
we take various checkpoints from the “CIWL-only” run, and continue training but
with bursty data (Figure 5.8c). When initializing from early “CIWL-only” check-
points, we see a transient emergence of ICL before CIWL again dominates. At
later checkpoints, CIWL persists, with no emergence of ICL. This indicates that
ICL could only emerge at the earlier training times because CIWL was not yet fully

formed.

10Note that we use the L2 weights of a CIWL-run from the same initialization to avoid issues
related to learning the right rotations (Appendix C.5.1)
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5.6.5 Strategy coopetition

Taken together, these results reveal a surprisingly rich interaction between ICL and
CIWL: ICL is enabled by CIWL, yet also competing with CIWL for resources in
the network. The competition between ICL and CIWL we previously suggested in
Section 3.6 is now mechanistically observed in Layer 1. In contrast, Layer 2 exhibits
cooperative interactions that lead ICL to emerge, despite not being asymptotic. This

emergence dynamic has a few requirements:

1. Useful: ICL’s ability to reduce loss on “bursty data.”

2. On the way: ICL is “close” to the path of a 2L network learning an asymp-
totic CIWL strategy.

3. Fast: The CIWL strategy emerging “slowly” enough to allow the “faster”

ICL to make a transient appearance.

The first factor follows from the dataset design. The second requirement is sup-
ported by Sections 5.6.1-5.6.3. The third requirement is supported by Section 5.6.4,
our earlier work (Chapter 3), and related work since the initial finding of transience

(Nguyen and Reddy, 2024).

5.7 A toy model of strategy racing + coopetition

To crystallize these intuitions, we propose a minimal mathematical model that cap-
tures the competitive and cooperative interactions at play. Specifically, we consider

learning four vectors a,b,c,d via gradient descent on the following loss function,
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where a*,b*, c*,d* are the true values:

Z(a,b,c,d) =
la*®@b*®c* —a@b®c/|F + 1 (5.1
MechanismT(ICL) Loss
x| [[d*@b*@c —deboc||F (5.2)
Mechanism iCIWL) Loss
+alland|fz, (5.3)
——
Competition

where o > 0 is a parameter modulating the strength of competition,'! and p; > 0
modulates the relative asymptotic preference of mechanism 2 over mechanism 1. If
o, > 0, loss is minimized when a=0,b =b*, ¢ =c*,d = d*.

This loss function builds on the minimal model of phase change dynamics we
proposed in Section 4.4.2 — specifically, we use that model as the dynamical model
for a single mechanism. Our full model has multiple circuits (ICL and CIWL) in
competition, racing to minimize loss (Section 5.6.4), but also cooperating (Sec-

tions 5.6.1-5.6.3) via shared sub-circuits (b, ¢).

We model these race dynamics using two mechanisms that interact multiplica-
tively (lines (5.1) and (5.2)). If the offset u; = 0, then minimizing either the loss
of Mechanism 1 or 2 will lead to O loss. By setting t; > 0, we can enforce an
asymptotic preference for one mechanism over the other. Competition is added via
the second term (line (5.3)), which drives a or d to O in order to achieve 0 loss (if
a > 0). This corresponds to the network pressure we observe for Layer 1 to be
part of an ICL or CIWL strategy. To model cooperative interactions in Layer 2, we
re-use vectors b, ¢ in both mechanisms. Finally, to model the relative speeds of the
two mechanisms, we use different dimensions for a and d (larger vectors are slower

to learn).

T An alternate interpretation is that « is a fixed version of a Lagrange multiplier for satisfying the
constraint that a or d is 0.
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Figure 5.9: Minimal mathematical model captures key phenomena of strategy racing and
coopetition. (a) Toy model dynamics. (b) Loss of real transformer, corre-
sponding to Figure 5.1b. Notably, both curves exhibit transience behavior in
Mechanism 1 (ICL). Intriguingly, the toy model also captures nonmonotonicity
in the emergence of Mechanism 2 (CIWL), highlighted in orange.

Putting it all together, we simulate the toy model dynamics numerically for
the setting of dim(a) = dim(b) = dim(c) = 20,dim(d) = 160, u; = 0.1, = 0.1.
We show results in Figure 5.9a, with additional seeds and details in Appendix D.2.
Our simulation shows a transience of Mechanism 1, where its loss first quickly
drops with the initial phase change, but then goes back up, indicating that a is
nearly learned but then eventually goes back to 0. This return to 0 is caused by
the asymptotically preferred d emerging on a slower timescale and the competition
term (o > 0). These emergence and subsequent transience dynamics mimic those
of ICL, with sub-circuits b, ¢ representing the shared Layer 2 “induction heads.”

Curiously, the toy model dynamics showed a small divot in the formation of
Mechanism 2, corresponding to CIWL (highlighted in orange, Figure 5.9a). Specif-
ically, when Mechanism 1 is nearly fully learned (~ 5k iterations), there is a mild
worsening of Mechanism 2, before the eventual learning that causes transience of
Mechanism 1 and asymptotic dominance of Mechanism 2. When we reexamined
the loss curves of our actual transformer, (whose corresponding in-context accu-
racies are plotted in Figure 5.1b), we found a similar divot in the loss on CIWL
evaluator (Figure 5.9b)! While we do not fully understand what leads to this brief

divot,!? we believe this mirroring between model and empirics lends credence to

12We speculate that as Mechanism 1 (ICL) forms, the competition forces a brief regression to
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Figure 5.10: Matching context and query exemplars leads to persistent ICL in small (left)
and large (right) models, as evidenced by the darker red line converging to
accuracy one on the flip evaluator. Larger models are trained with the setup of
Chapter 3, with the small exception of using pre-extracted Resnet embeddings
(as done in Chapter 4 and this chapter). The timescale of transience is much
longer in larger models (lighter line, right plot), so we do not see a full fading
of ICL. Notably, the matched exemplars run shows no indicating of turning
downwards.

this simple mathematical model.

5.8 ICL can be made asymptotically preferred

Equipped with a better understanding of transience, we return to a revised version of
the question from Chapter 2: Are there data properties that incentivize the asymp-
totic emergence of ICL, but do not require it? We tackle this question using intuition
from our toy model.

Specifically, if u; = 0, the faster Mechanism 1 (corresponding to ICL) would
win asymptotically (Figure D.6). Thus, when two strategies are possible, one can
be made preferred asymptotically if it is 1) faster and 2) as good asymptotically.
We have already established that ICL is faster to emerge than CIWL (Section 5.6.4)
when training on our bursty data, so all that remains is to see if we can find data
properties that make ICL “not worse” at the task than CIWL.

The key difference in the mechanisms we find for ICL and CIWL is that CIWL
matches query exemplars to static labels, while ICL matches to a variable context

exemplar. This variation may make the “matching” harder for ICL (as postulated

Mechanism 2 (CIWL), which is slowly learning in parallel.
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in Section 3.8). We ablate this by considering data where the relevant context ex-
emplar is the exact same as the query exemplar.!? In Figure 5.10, we find that
training on such data makes ICL asymptotic—it persists after its initial emergence!
Furthermore, this finding extends to the larger-scale setup considered in Chapter 3
as well,'* indicating that the intuitions from the toy model may extend to larger
networks.

In combination with our findings in Chapter 2, this result would point toward
data properties that not only lead to the emergence of ICL—bursty data, with high
diversity (# of classes) and variation (# of exemplars) across sequences—but its per-
sistence as well: strong correlations in-context—exact matching exemplars. Over-
all, we found this intervention, motivated by our minimal mathematical model, a
compelling illustration of how a better dynamical understanding may lead to data

interventions that can control the cycling in and out of strategies throughout train-

ing.

5.9 Rejected hypotheses for the transience of emer-

gent ICL

In the scientific process of figuring out what may cause ICL emergence, given that
it is not asymptotically preferred, we considered (and subsequently rejected) many
alternative hypotheses. In the spirit of sharing the path used to arrive at a conclusion,

we share some of these hypotheses here.

5.9.1 Hypothesis 1: Earlier ICL is necessary for CIWL to

emerge

Given the experiments above, this hypothesis already seems a bit suspicious—in
Figure 5.5 and Section 5.6.4 we show that CIWL can be learned without earlier ICL

emergence. But what if somehow bursty data requires ICL to emerge first in order

3Note: there are still 20 exemplars per class, making the exemplar-label mapping many-to-one
(leaving CIWL the same), it is just that the bursty context exemplar exactly matches the query
exemplar (making ICL more effective).

l4Specifically, 12-layer transformers, with MLPs, trained on bursty sequences of 8 exemplar-label
pairs, with the 3 bursty context exemplars matching the query in our intervention.
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Figure 5.11: Various experiments to reject alternative hypotheses for why ICL emerges,
despite not being asymptotic. Recall that accuracy of 1 on the Flip evaluator
means ICL is dominant, and accuracy of 0 means CIWL is dominant. (a)
ICL is not necessary for CIWL emergence. Darker line indicates evolution
from a training run where Layer 1 heads were prevented from attending to
the previous token, effectively disabling ICL. Lighter line is from standard
training (same as Figure 5.1b). This clamp has relatively little effect on the
dynamics of CIWL emergence. (b) ICL is likely not an initialization artifact.
Darker line indicates evolution from a training run where Layer 1 heads 1,
4, and 7 (which play a crucial role in ICL in standard training) are ablated.
While ICL emergence is slightly delayed, it still occurs, and in fact transience
is a bit slower as well.

to reach a CIWL solution?

We test (and reject) this hypothesis by considering an experiment where we
prevent Layer 1 heads from attending to the previous token, and then training on
bursty data. This experiment is a causal intervention on dynamics (i.e., clamping),
as it prevents ICL emergence but lets other strategies develop naturally. We show
results in Figure 5.11a. Notably, we get similar curves to standard training, with the
exception that ICL just does not emerge (since it was blocked). Thus, we reject the

hypothesis that transient ICL is necessary to arrive at asymptotic CIWL.

5.9.2 Hypothesis 2: ICL emerges due to a lottery ticket

Another idea may be that ICL simply emerges since typical transformer initializa-
tions just happen to be “close” to an ICL solution—so rather than the dynamics
leading the model through an ICL solution transiently, it just starts near one and
the transience we observe is more of an “initialization effect.” Though not quite the
same, the notion of lottery tickets (Frankle and Carbin, 2018) is what inspired this
hypothesis.

Given our earlier experiments, this hypothesis does feel a bit suspicious as
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well—for example, we find that ICL transience is quite robust over initialization
seeds (Appendix D.1.1). To offer more evidence against this hypothesis, we again

consider a clamping intervention:

If ICL is transient due to initialization effects, this would imply that the circuits
being used in ICL are already “largely present” at the start of training. Through
ablations on checkpoints from standard training, we identify that (for the main run
we analyze throughout the text and presented in Figure 5.1b) the Layer 1 heads
contributing previous-token behavior (Figure 5.7) to ICL are heads 1, 4, and 7. We
establish this by first inspecting attention patterns, and then ablating these heads in
checkpoints from around the peak performance of ICL (~3e6 to ~1.5¢7). Such an
ablation on these checkpoints eliminates ICL behavior (as verified by performance

on the ICL evaluator dropping to chance level).

We then re-train the model from scratch, with the same initialization, but with
these Layer 1 heads clamped off throughout training. Presumably, this would elim-
inate any “already-existing-at-initialization” ICL circuits. Doing so minorly delays
ICL emergence (Figure 5.11b), but does not prevent it. This indicates that their is
strong dynamical pressure for ICL to emerge, regardless of initialization, providing

evidence against this hypothesis.

5.10 Discussion

In this work, we finally get to the bottom of the question of why ICL emerges, de-
spite not being asymptotically preferred. We uncovered an unexpected asymptotic
strategy, CIWL, which is a hybrid of classical ICL and IWL. We found that cooper-
ative interactions between CIWL and ICL enable emergent ICL, with competitive
interactions eventually leading to ICL transience. Along with identifying shared
mechanistic underpinnings, we codify these intuitions in a minimal mathematical
model, which motivates further experiments and the creation of a synthetic setting

where ICL emerges and persists, despite not being necessary to solve the task.

Overall, we hope our work serves to deepen the understanding of ICL and how

it may interact with other strategies through the course of training. Beyond ICL,
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we view our work as a case study demonstrating a few themes that are important to

keep in mind, for those of us who wish to understand model behaviors:

1. Models often learn surprising and counterintuitive strategies, even for simple

tasks.

2. Models are highly dynamical and we cannot assume that their strategies re-

main constant over training, even if they appear stable at a given time.

3. These training dynamics are affected by a kind of backwards hysteresis,

where later strategies can affect the development of earlier strategies. !>

4. Alternate strategies are not always strictly in competition and can exhibit

coopetition by boosting each other.

ISWe note that this backwards hysteresis complements notions of path dependence, such as the
CIWL strategy being influenced by ICL earlier, for which correlates have been found in larger-scale
language models (Yin and Steinhardt, 2025).



Chapter 6

Conclusion

This work was heavily inspired by the emergence of in-context learning (ICL), the
ability to learn from context without weight updates, in large transformer models
trained to predict the next token on internet-scale corpora (Brown et al., 2020). The
simple question of why ICL emerges when not explicitly trained for led us down
a winding path: In Chapter 2, we identified necessary data properties, inspired by
those present in natural language, for ICL to emerge. That work enabled a smaller
scale setup for studying ICL. In Chapter 3, we pushed the limits of this setup and
found that, even when trained on data where ICL should be able to achieve perfect
accuracy, ICL eventually fades away when overtraining transformers. These results
motivated a dynamical understanding of ICL emergence, which we pursued through
a mechanistic lens. In Chapter 4, we built key methodology for studying dynamics,
and identified key subcircuits that need to “go right” for ICL to emerge. We then
applied this enhanced understanding to the original question of ICL emergence on
data where it is not explicitly required. In Chapter 5, we finally answered this ques-
tion and found that cooperative interactions with asymptotic strategies (which tend
to be a hybrid of in-context and in-weights learning) enable ICL emergence, with
competitive interactions later in training leading to transience. This tradeoff is mod-
ulated by data properties, connecting back to our initial results in Chapter 2. Over-
all, this work serves to further the understanding of emergent ICL in transformers
as a dynamical phenomenon, and answers the key question of why ICL may emerge

(and eventually disappear) in transformers, even when not explicitly trained for.
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6.1 Connecting to emerging literature on ICL

Concurrent to our work, the field of study around in-context learning has grown. A
recent emerging notion in the field has been that ICL abilities actually lie on a spec-
trum Lampinen et al. (2024), rather than being as discrete as few-shot in-context
learning vs. in-weights learning. In Chapter 5, we find mechanistic evidence of this
idea, in many ways. The asymptotic mechanism on our Omniglot task is a context-
constrained in-weights strategy, relying on in-weights learned mappings from ex-
emplars to labels combined with labels from context, in a way that is strikingly

similar to notions of task recognition in larger models.

Task recognition dates back to some of the first nuances found regarding ICL
in large scale models (Wei et al., 2023; Wang et al., 2024; Min et al., 2022; Lin
and Lee, 2024). Essentially, instead of learning a new task in-context, the few-shot
exemplars are thought to help an LLM “retrieve” the relevant task from its prior
knowledge (stored in-weights). Recent work (Yin and Steinhardt, 2025) suggests
that canonical ICL circuits may even transition to serving this function over the

course of training, a possible large-scale analog of our results on ICL transience.

Notably, our work also finds that task recognition and task learning are not
as “distinct” as they may seem — we find that ICL and CIWL actually share crit-
ical sub-circuits, including the eponymous “induction head.” These results add to
the notion that ICL abilities lie on a spectrum, from things as simple as matching
tenses, to coreference resolution, to few-shot learning, and possibly even learning
new languages in-context (Gemini Team, 2024). We look forward to increased
understanding of how different training paradigms (Touvron et al., 2023a) and ar-
chitectures may lead to models lying on different points of this spectrum (Wei et al.,

2023), rather than the binary of whether or not a model “can do ICL.”

6.2 Connecting to mechanistic interpretability

Our work also takes heavy inspiration from mechanistic interpretability in trans-
formers (Elhage et al., 2021; Olsson et al., 2022) and contributes back through its

focus on dynamics. While prior work (Nanda et al., 2023) has mainly used progress
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measures, a correlational lens on dynamics, we innovate clamping, a method for
causal interventions on dynamics. Given the history of correlation vs causal meth-
ods in mechanistic interpretability (Morcos et al., 2018; Belinkov, 2021), we hope
that this methodology enables more rigorous study of dynamics, which we antici-

pate to be of increasing importance.

Beyond methods, our later work also connects to the rich emerging literature
on superposition Elhage et al. (2022). While superposition is primarily studied in
MLP layers (Bricken et al., 2023) or the residual stream (Lindsey et al., 2025),
we present preliminary findings of superposition in attention heads, which could

motivate similar, sparse autoencoder, approaches for attention heads.

6.3 Motivating a stronger focus on dynamics

Finally, we view our work as primarily advocating for a deeper look at dynamical
phenomena in neural networks. Most analysis focuses on end networks, or at best,
static checkpoints from training (Biderman et al., 2023), which we believe may
miss out on key interactions. Our initial work in Chapter 2 started as such: we
considered data properties inspired by natural language and asked if they led to
ICL emergence, when training for a fixed amount of time. We quickly realized that
the dynamics were actually key to understanding ICL emergence (Chapter 3), and
ended up finding remarkably rich “coopetitive” interactions between a spectrum of
ICL capabilities (Chapter 5). We view our work on ICL here as a case study and are

excited by a future where dynamical understanding of phenomena is prioritized.

That said, understanding the dynamics of neural networks, which are already
canonically “black boxes,” presents its own set of challengs. Many works focus on
simplifying down networks, primarily through architectural changes (e.g., Reddy
(2023); Zhang et al. (2025)), to enable building theories of learning. While useful,
we advocate for a second approach: that of building minimal mathematical models
that capture key dynamical phenomena, without having to model the underlying

system in detail.

We were inspired to this approach by classical mechanics — while it leaves
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much on the table (i.e., strictly speaking it is “incorrect” due to relativity), simple
equations like Newton’s second law are surprisingly powerful models of movement
in the natural world. We hope that similar models can be built of the movement of
neural network weights through the course of training.

We view our minimal models as laying groundwork in this direction. For ex-
ample, simply learning a set of vectors via gradient descent can lead to remarkably
rich phenomena: Loss functions defined on tensor products (Section 4.4.2) imple-
ment an ‘AND’ operation, necessitating vectors to be learned concurrently and giv-
ing rise to phase changes. Yet when mechanisms with scalar losses are composed
via a product (Section 5.7), they instead implement an ‘OR’ operation, enabling ei-
ther of two strategies to emerge. By composing such simple operations, remarkably
rich phenomena (e.g., phase changes, coopetition) can be modeled.

An interesting intermediate between our “bottom-up” approach to dynamics,
and the “top-down” approach of simplifying networks, is the field of deep neural
networks (Saxe et al., 2014). Recent works in this field (Saxe et al., 2022) extend
the analysis to non-linear networks where multiple pathways “race” to solve the
task, with pathways containing the most shared substructure win and can predict
the wiring of a non-linear ReLU network. We see many intuitive connections be-
tween such works and our own, with strategies racing against each other (ICL vs
CIWL), emerging and trading off through training due to shared substructure (in-
duction heads). Such intermediate levels of analysis could serve as the path for
connecting minimalistic mathematical models to phenomena observed in real trans-

formers, even at large scale (Yin and Steinhardt, 2025).
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Appendix for Chapter 2

A.1 Results on ICL eval with in-distribution exem-

plars

Figure A.1 shows results of evaluating in-context learning on classes that were seen
in training, rather than on holdout classes (the standard evaluation setting for few-
shot learning, as described in Section 2.2.3. The pattern of results is very similar
between the two settings, with just slightly higher performance when evaluating on

training classes.
A.2 Hyperparameter sweep for RNNs
A.2.1 Architectural details

Hyperparameter sweep:

* Max learning rate: 15 samples log-uniform distributed over the range [le-5,

0.1]

* Num warmup steps: 15 samples log-uniform distribution over the range [1,

10000]

We performed 15 runs for each architecture (Transformer with 2 or 12 layers, LSTM
with 2 or 12 layers, Vanilla RNN with 2 or 12 layers), i.e. 90 runs total.

Parameter counts:
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Figure A.1: In-context learning accuracy, evaluated on classes that were observed in train-
ing, rather than holdout classes. Patterns of results are very similar to those
shown in the main text, with overall slightly higher performance when evalu-

ated on training classes.

* Transformer with 12 layers: 831,479

LSTM with 12 layers: 627,959

* Transformer with 2 layers: 331,639

LSTM with 2 layers: 297,719

A.2.2 In-weights learning

Transformers exhibited similar or slightly higher in-weights learning than the re-

current models (Figure A.2), indicating that their superior in-context learning per-

formance (as seen in Figure 2.7) cannot simply be explained by a bias towards
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(a) Transformer. (b) Vanilla RNN. (¢c) LSTM.
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Figure A.2: In-weights learning in transformers vs. recurrent architectures. We compare
architectures while holding fixed the number of layers, hidden layer size, and
number of parameters. One run was performed for each set of hyperparameters
in a hyperparameter sweep. Each color denotes one run, but not any particular
hyperparameter values.

in-context learning and against in-weights learning.
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Appendix for Chapter 3

B.1 Construction of LLaMa-based exemplar-label

datasets

In this section, we provide more detail as to the procedure used to construct the

fixed embedding datasets used in Section 3.4.3.

B.1.1 Constructing datasets

We save the token embedding matrix for each LL.aMa vl model. These have di-
mensions 32,000 Xd,;pqe1, Where d,yp40.1 = 4096,5120,6656,8192 for the 7B, 13B,
30B, and 70B, LLaMa models, respectively. To go from these raw embeddings to

“classes” that we can use in our setup, we perform the following steps:

1. Subselect: Many tokens correspond to individual bytes or characters from
non-English languages. We observed that the statistics of these token embed-
dings are often different than the others, so we remove these tokens. Specifi-

cally, we use tokens 259 to 29,870, inclusive, for a total of 29,612 tokens.

2. Cluster: We cluster the token embeddings using K-means clustering and co-
sine distance using the FAISS library (Johnson et al., 2019). As FAISS does
not offer a valid minimum number of points per cluster, we first cluster into
2400 (or 4800) clusters, then pick all clusters that have more than 10 (or 5)
points. This gives us at least 1,600 (or 3,200) clusters. We randomly pick the
actual 1,600 (or 3,200) clusters.
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3. Select from cluster: Many of these clusters contain more than 10 (or 5) points.
To maximize in-class variation, we pick the furthest 10 (or 5) points from the
cluster centroid. Thus, we have our 1,600 classes of 10 examples, or 3,200

classes of 5 examples.

Note that step 2 is highly dependent on the random seed used to initialize cluster

centroids. We run the above procedure for all 4 LLaMa models on 2 random seeds.

B.1.2 Example clusters

If we map the embeddings back to tokens, we can get a sense of what various
clusters may represent. Many clusters cover similar tokens, but some clusters can
be more semantic or even multilingual! We show some extracted clusters (for 3,200

classes, 5 embeddings per class, on the 70B LLaMa) below:

_erm | _room | rm | _Room | _rm

_utter | _extremely | _partially | _entirely | Comple
hover | _mysqgli | gz | RGB | rgb

async | _predicate | Observer | _deleg | _delegate

ive | ous | _cable | rable | ible

FLAG | _flag | _Flag | flag | Flag

_specified | _provided | _supplies | _supply | _supplied
ring | _dent | dent | _rent | RENT

_Derby | _Dit | _pedig | _ort | _Ort

_Britain | _England | _Madrid | _Spanish | Espagne

B.1.3 The difficulty of emergent ICL

We observed that ICL emergence was more sensitive to model initialization when
using LLaMa token embeddings as exemplars. An example seed where ICL did
not emerge at all (for 3,200 classes, 5 exemplars per class) is shown in Figure B.1.
However, in all cases where ICL did emerge (even to a small degree), we found it to
be transient (Figures 3.6, B.2). Furthermore, the results presented in Section 3.4.3
are averaged over two different clustering seeds (see step 2 above), which yield

different output datasets. ICL is transient across all 8 datasets tested.
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(a) In-context learning. (b) In-weights learning.
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Figure B.1: A model initialization seed for which no ICL emerges on LLaMa-derived
datasets

(a) In-context learning. (b) In-weights learning.
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Figure B.2: Mild emergence and subsequent transience of ICL on a model trained on the
LLaMa derived datasets with 1,600 classes and 10 exemplars per class.

At 1,600 classes, with 10 exemplars per class, we found mild ICL emergence,
as shown in Figure B.2. We found that 3,200 classes were necessary to get any

strong ICL, which is shown in Figure 3.6.
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B.2 Additional regularization results

(a) In-context learning. (b) In-weights learning.
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Figure B.3: For extreme values of L2 regularization (>1e-04), the model seems to be over-
regularized: We observe a return to ICL transience, as well as poor perfor-
mance on IWL.
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Figure B.4: Total train loss (including L2 penalty) for a sampling of experiments. Regular-

ization seems to make the training loss smoother, as well as causing train loss
to plateau at a higher value (rather than continuing to drop).



Appendix C

Appendix for Chapter 4

C.1 Dataset size calculation

For a dataset of C classes, E exemplars, L labels, and assuming a fraction F' of

relabelings being used for training, our total dataset size is

(g) F- (5) E®.2.2.2=2FE3C(C—1)L(L—1)= 1.6C(C—1)L(L—1)

for our settings where £ = 1 and F = 0.8 are fixed.

C.2 The ‘“‘residual heads” hypothesis

In Section 4.3.1, we provide evidence that induction heads function additively with
redundancy across heads. Combining this insight with the ordering of head emer-
gence in Figure 4.3b, we hypothesized that other induction heads form to minimize
the residual of the loss left after earlier heads form (e.g. Head 3). We didn’t include
this hypothesis in the main thesis as we never fully got to the bottom of it, and it’s
not necessary for the main narrative. We include it here as we find evidence sup-
porting and opposing it and so we hope these mixed results can serve as a launch
point for further study.

One simple way to test this hypothesis would be to consider the mistakes made
by the individual Layer 2 heads, when all other Layer 2 heads are turned off. Let’s
consider Head 2 and Head 3 for example. Head 3 on its own achieves an accuracy of

98%, outputting the wrong answer for 1553 of the 78400 training sequences. Head
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Accuracy Head0 Headl Head2 Head4 Head5 Head6 Head?7
On the subset 24.08% 64.78% 71.67% 32.97% 56.41% 16.61% 46.10%
Overall 40.32% 76.51% 75.12% 42.85% 64.65% 29.16% 58.85%

Table C.1: Accuracy when ablating all but a given Layer 2 head on the subset of problems
that are incorrect when ablating all but Layer 2 Head 3 (the one with highest
induction score). Second row contains the accuracies over the whole dataset for
comparison (which matches the circles in Figure 4.5a).

Accuracy Head 0 Head1l Head2 Head4 Head5 Head6 Head?7
On the subset 24.14% 86.21% 20.69% 22.41% 50.00% 0.00% 44.83%
Overall 50.01% 82.80% 82.73% 62.10% 65.42% 28.46% 70.70%

Table C.2: Same as Table C.1, except we also “perfect” each induction head’s match cir-
cuit (as done in Figure C.1), so we can view this table as only considering the
mistakes in each induction head’s copy circuit. There are only 58 examples that
the “perfected match” layer 2 Head 3 gets wrong, so this table only considers
the accuracy of other “perfected match” heads on these 58 examples. Note the
overall accuracies in this Table match the squares in Figure C.1.

2’s accuracy is 75%. If Head 2 is fitting to the residual, we might expect Head 2’s
accuracy on the sequences that Head 3 fails to solve to be above its baseline of 75%,
meaning it’s preferentially stronger on the problems where Head 3 is mistaken. On
the other hand, it could be that the sequences missed by Head 3 are simply “harder”,
in which case we would expect an accuracy less than its baseline. In Table C.1, we
find that the latter is more likely to be the case, so this piece of evidence is against
the residual heads hypothesis.

Next, we present some evidence that supports the hypothesis. Namely, we con-
sider perfecting each induction head’s match circuit (by setting its attention pattern
to the perfect pattern that gives attention 1 to the correct token and O to all other
tokens), which allows us to quantify the quality of its copy circuit. Then, we can
examine the mistake rate of the copy circuit for different labels, and see these values
across heads. Our results are summarized in Figure C.1. Specifically, we do find
some specialization of output classes: Head 3 has a higher mistake rate for copying
labels 1 and 3, while heads 1 and 5 have virtually 0 mistake rate on these, indicating
that they may have specialized to these examples. This result supports the “residual

heads” hypothesis.



C.2. The “residual heads” hypothesis 134

Effect of perfecting match circuit for various heads
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Figure C.1: a) Induction heads are imperfect copiers. We consider the network from the

end of training in Figure 4.3 and perform the ablate-all-but-head-X ablation
used for the circles in Figure 4.5. We then use our artificial optogenetics frame-
work to “perfect” each head’s attention pattern (so it would have an induction
strength of 1). While this increases the accuracy for most heads, the accuracy
is still far from perfect, indicating that inducion heads at the end of training are
imperfect copiers. b) We dive deeper and find label dependence in the imper-
fect copying. Specifically, here we plot the relative mistake rate by output label
for each head. Line opacity is equal to induction head strength, to emphasize
the more prominent induction heads. Interestingly, Head 3 is relatively worse
at copying labels 1 and 3, but heads 1 and 5 compensate for this. Notably,
in Figure 4.3, heads 1 and 5 appear after Head 3. We postulate that heads 1
and 5 are thus compensating for the mistakes that Head 3 makes. Future work
could further explore such a “residual heads” hypothesis in more depth. ¢) For
completeness, we include accuracy vs output class. We note that Head 3 with
a “perfect” attention pattern overall does make very few mistakes, as we’d ex-
pect given its high accuracy in a). Notably, what plot b shows is that Head 3
with a “perfect” attention pattern, when it does make mistakes, tends to do so
on classes 1 and 3.
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If we repeat the analysis of Table C.1, we find some promising evidence in this
“perfected match” condition (Table C.2). These results suggest that, when it comes
to the copying subcircuit, induction heads forming later in training preferentially
focus on copying labels that earlier formed induction heads are worse at. As a
result, these earlier heads do not have to “fix their mistakes” as much as if they
were trained on their own, connecting to our results in Section 4.3.2. This result is
inconclusive with respect to the “residual heads” hypothesis, as it only pertains to

Head 1, and not the other heads.

Finally, we build off the result in Figure 4.5b, and try to take the argument
further. Given that Head 3 is the quickest to learn and does in fact emerge first in the
full network (Figure 4.3b), we consider training networks where all but two heads
are ablated: Head 3 and each of the other 7 heads (one at a time). Loss curves are
shown in Figure C.2. By training with Head 3 and just one other head, we see loss
curves are way closer to the actual training curve. However, the ordering of phase
changes still does not match the ordering of emergence and strengths in Figure 4.3b,
perhaps due to higher order interactions (e.g., between three heads or more). Given
the current results though, this piece of evidence is against the “residual heads”

hypothesis.

Given all these pieces of evidence, for and against, we cannot convincingly
argue for or against the “residual heads” hypothesis. We hope this investigation

(including negative results) can inform future work researching this hypothesis.

C.3 The role of Layer 1 heads

To establish the causal role of Layer 1 heads to individual induction heads in Layer

2, we did extensive ablation analyses.

Earlier, we found that Layer 1 heads do not substantially contribute to the out-
put logits. To see if they only compose to Layer 2 heads’ attention patterns (the
match subcircuit), we consider a “pattern preserving” ablation (Olsson et al., 2022):
the outputs of Layer 1 heads are completely ablated, but the attention patterns in

Layer 2 are fixed to what they would’ve been had the Layer 1 heads not been ab-
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Train loss curves when only using a single Layer 2 head
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Figure C.2: A follow-up to Figure 4.5b where we consider training with only a pair of
Layer 2 heads active: Head 3 and one other head. Interestingly, loss curves
snap to almost the true training loss curve. The relative ordering of phase
changes is not indicative of the order of emergence (see Figure 4.3).

lated. We implement this using our artificial optogenetics framework by using two
passes through the network. In the first, nothing is ablated. The Layer 2 attention
patterns from this pass are then put into the cache. On the second pass through
the network, Layer 1 outputs are ablated, and the cache is used to restore the
patterns. We find that accuracy drops substantially (down to 55%), indicating sub-
stantial V-composition in our networks. To study V-composition, we introduce an
analogous “value-preserving” ablation where instead of caching attention patterns,
Layer 2 value vectors are cached. When using just a “value-preserving” ablation of
all Layer 1 heads (without preserving patterns), accuracy drops substantially (down
to 11%). These results indicate that Layer 1 heads are contributing to both the
match subcircuit (patterns) and the copy subcircuit (values). Of the two, the role in
the match circuit does seem to be “more important”, which aligns with prior work
(Olsson et al., 2022).

To verify the observed previous token (PT) heads, we next consider an ablation
of these three heads with pattern-preserving (which should have no effect if they are
PT heads) or value-preserving (which should have a huge effect, since patterns in
Layer 2 will get messed up with these heads deleted). Likewise, we consider both
types of ablations of the other heads (Layer 1 heads 0,3,4,6,7). Results are summa-

rized in Table C.3. We can clearly see that ablating heads 1,2,5 while preserving
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Ablated heads Type of ablation: .
Pattern-preserving Value-preserving

Layer 1 Heads 1,2,5 (PT heads) 99.85% 69.87%

Layer 1 Heads 0,3,4,6,7 (rest) 34.27% 99.32%

Table C.3: Accuracy after Layer 1 head ablations of various sets of heads. All Layer 2
heads remain active.

patterns has little effect, indicating these heads primarily compose with the match
subcircuit. Likewise, we find the other heads primarily participate in V-composition

for the copy subcircuit.

Finally, we wish to establish the connectivity between Layer 1 and Layer 2
heads. To be specific to Layer 2 head, we repeat each experiment 8 times, once for
each Layer 2 head active (and the others are ablated). As in Section 4.3.1, we first
consider ablating a single previous token head. Results are shown in Figure C.3a.
We find that when ablating single heads, only Head 2 seems to have a strong effect.
We believe this result is again suffering from the redundancy across heads, so the
importance of heads 1 and 5 is masked. To account for this, we instead consider
ablating all but a given Layer 1 head. In this case, each square in the heatmap can
be seen as one path through the network, with only one head in each layer used.
Results are shown in Figure C.3b. From these plots, it’s clear that there are multiple

active paths in the network:

1. Layer 1 Head 1 — Layer 2 Head 3

2. Layer 1 Head 2 — Layer 2 Heads 1, 2, 3

3. Layer 1 Head 5 — Layer 2 Heads 1 and 3

These results indicate a many-to-many wiring diagram.

We’d also like to take a moment here to emphasize the use of activation-level

ablation analyses, as opposed to metrics calculated on weights. Composition score
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Figure C.3: Layer 1 (L1) — Layer 2 (L2) head connectivity analyses (three different meth-
ods as the three columns). Left: Effect of ablating a single L1 head. Each
column corresponds to the L2 head that is kept active. We plot the devia-
tion compared to if the given L1 head was not ablated, to emphasize posi-
tive/negative differences (here darker blue would mean more influential). Top
plot preserves values, so results will be most affected by L1 heads that con-
tribute to the match subcircuit (previous token heads). From this, we see that
L1 Head 2 is an important previous token head for many of the L2 heads. The
bottom plot preserves patterns, so results will be least affected by L1 heads
that only contribute to the match subcircuit (previous token heads). When ab-
lating heads 1, 2, and 5, performance improves, indicating that previous token
heads might be interfering with the network in some cases due to (suboptimal)
V-composition. Middle: Performance of a single pair of heads (one from L1,
and one from L2) when preserving L2 values (left) or patterns (right). We plot
the raw accuracy to show how strong each path through the network is. The
color scheme highlights points (in red) that go above simple context copying
strategies (which has an accuracy of 50%). We see that L1 Head 2 — L2 Head
3 is the strongest path (when preserving values), leading to a performance of
90%. The top plot indicates that L1 heads 1, 2, and 5 play a strong role in
computing patterns. The bottom plot indicates that L1 Head 6 has the most
important V-composition to L2 heads. Right: For comparison, we include the
composition score of L1 head output projections to key and value input matri-
ces in L2. We again use a bwr colorscheme to highlight pairs with higher than
average composition scores. While the main forms of composition are still vis-
ible (K-composition from L1 Head 2 to L2 Head 1/3, and V-composition from
L1 Head 6 to L2 Head 3), we note that the results are overall noisier. This
suggests that the activation modification approach used in the middle column,
made easy to implement by our artificial optogenetics framework, may provide
clearer signals than weight-based approaches on circuit wiring.
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(Elhage et al., 2021; Nanda, 2022) is one such weight-based metric, calculated as:
LH; L,H;
HW01 WQ?](J/V | ’F

L Hl‘ LrH;
||‘/VO1 ||F||WQ;K}V||F

score (LiH; — LrH; : Q/K/V) =

It aims to measure the connection strength between heads in different layers by
considering the matrices they use to write output and read input from the residual
stream. In Figure C.3c, we plot the composition scores of Layer 1 heads to key and
value matrices of Layer 2 heads. Though the most noteworthy cases of composition
are recovered (such as the importance of Layer 1 Head 2 for K-composition, and
Layer 1 Head 6 for V-composition), overall we find the results to be much harder to

interpret than those using our activation-level ablation analyses (Figure C.3b).

C.4 Proof of saddle point in toy model
We include a brief proof that a =b = ¢ = 0 is a saddle point for the toy model,
leading to the long loss plateau before the phase change.
Recall, the loss being minimized is:
1 k7% % 2
Z(a,b,c) = 5 Z (al- bicy —aibjck) ,
i,jk
and we assume a*,b*, ¢* # 0.

We then have:
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if a=b =c¢=0. Moving forward, we will abbreviate derivations using the symme-

try between a, b, c.
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The value of the loss function at this point is:

kp.k Xk 2
i,j.k
While we know this point is neither a global maximum (o) nor a global min-
imum (0) of the loss function, we now need to show it’s a saddle point (and not a

local minimum/maximum).

C.4.1 Hessian test inconclusive for 3 or more interacting vari-
ables

A first attempt to show it’s a saddle point (and not a local minimum/maximum)
would be to use the determinant of the Hessian. We note that such a proof does
work in the two vector case (the determinant of the Hessian is negative in that case),
but for the 3-variable case, the determinant of the Hessian is also 0. We show this

below:

The Hessian can be seen as a 3 X 3 block matrix:

Haa Hab Hac
A = | Hya Hpp Hpe |>
Hca ch Hcc

and we can work out the individual terms below:

9°.%(a,b,c)
I A
0°%(a,b,c)

=0,i#i
Jada, 07
so H,, = Hp;, = H.. = 0. For the cross terms, we have:

azgabc

Jaidb, ZZa,b — bicker =0
1

Here, the presence of ¢, forces the these partials to 0, making the Hessian a
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matrix of all 0’s. Note in the two variable case (if we remove ¢), the Hessian would
have positive off-diagonal elements and it becomes easy to show the determinant is

negative.

C.4.2 Directions of positive and negative slope

Since the Hessian test doesn’t work, we can instead attempt to identify two di-
rections, one in which the function will increase in a small neighborhood and one
in which it will decrease in a small neighborhood. These are easy to construct
by picking i/, j/,k s.t. apbpcp« # 0 (such indices are guaranteed to exist since

a*, b* c¢* #0).

Specifically, consider the direction of d_ = (0, ...,0,4},0,...,0, b;f,, 0,...,0,cy,0, ...

We can see that a small £ > 0! perturbation along this direction will reduce the loss:

1
Z0+ed-) = 5 Y (a;bjc; —a,-bjck)2
i,k
1 k7% % 3 kgpx ok 2
—_ = <ai/bj/Ck/ — & ai/bj/ckl> —I'_

: (aibjel)”

i#i j# ] kAR
1
zi(a;ﬁb?c}’g,> (€ —26%) + = Z (asbic]
1
2

| =

2
. o *k ok 6 3N\ 3 Kk ok
= lim 2(0+ed_) — Z(0) = (a,.,bj,ck,) (80— 26%) ~ —¢ <ai/bj/ck,> <0

Thus, a direction with a negative directional derivative exists.

Similarly, we consider d; = (0, ...,0, —al’.i,O,...,O,b}f,,O,...,O,ci,,O,...,O>. We

Note, the positivity assumption is not necessary. In fact, if we allow € to take either sign, we
can just use one direction to see the saddle point (due to the factor of €%). However, for the case of
an even number of components (e.g., N = 4 instead of N = 3), we do need two separate directions
(since €V will always be positive if N is even). To make this proof general, we thus provide the two
directions and focus on positive €.
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can see that a small € > 0 perturbation along this direction will increase the loss:

1
Z0+edy) = 3 Y (a;bic; — aibjck)z
ijk
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Thus, we’ve identified two directions, one which increases the loss and one which
decreases the loss, indicating that a = b = ¢ = 0 must be a saddle point. Note, if
we find the directional derivative in either of these directions, it’s still O (due to the
factor of €3 not vanishing, even if we divide by € to get the derivative)—we simply
show the derivation to show the differing sign. We also note that this argument

extends beyond 3 interacting vectors.

This argument can also give some intuition as to why the saddle point is “harder
to escape” in the case of 3 interacting vectors (as evidenced by the longer loss
plateau in the black curve versus the blue curve in Figure 4.6a). Here, we have a
factor of €3 rather than €2 (in the two vector case). The intuition extends: if the
number of components is increased further (beyond 3), the saddle point will get

harder and harder to escape.

C.5 Implementation details of clamping for induc-

tion head formation

In Section 4.4.2, we detail the methodology and inspiration for clamping various
subcircuits. Here, we detail the specifics of implementation of each of the clamped

steps.
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C.5.1 Clamping weights vs activations: Complications due to

routing

We first demonstrate that clamping isn’t as easy as just fixing weights during train-
ing. Recall that we want to clamp computation steps (Section 4.4.1) that comprise
an induction circuit. There are many ways (in terms of weights) the network can
implement some of these computation steps, as many of them involve reading from
and/or writing into a subspace of the residual stream (e.g., Steps 2 and 3). Arbitrary
rotations could be applied to these subspaces.? The specific subspaces used appear

to be initialization dependent, as shown in Figure C.4.

We consider fixing the weights of Layer 1 to match those of networks pre-
trained on our task, but from different initializations. Specifically, we train networks
on our task from different initialization seeds (which we will refer to as seeds3 5,
6, 7). All networks learn induction circuits, with multiple previous token heads ap-
pearing in Layer 1. We then train a network initialized from seed 5 with the residual
stream after Layer 1 clamped to the residual stream after Layer 1 of one of the fully
trained networks (equivalent to fixing all the weights up to this point). Note that
these activations are fixed for a given input, so gradients are only flowing to Layer
2 of the model (as desired, since we are clamping Layer 1 to be an externally “per-
fect” Layer 1 based on weights). The clamped Layer 1 is theoretically perfectly
performing Steps 1 and 2. However, we can see that there is substantial variance
when the weights used are from the same seed as that used for the Layer 2 initializa-
tion (red, Figure C.4) versus when the weights used are from a different seed (blue
or green, Figure C.4). These results point to the importance of Step 3, routing, and
tell us that fixing weights may not be the best way to clamp subcircuits as it may
be confounded by the specific methodology used (specifically, which network the

weights come from).

2This has been referred to the as identification failures by some (Shalizi, 2024).
3These values are arbitrary and are the first three we tried. We didn’t use seed 0 as this was the
seed for our data sampler.
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Loss dynamics when using fixed Layer 1 weights
from different initializations
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Figure C.4: Loss curves when fixing Layer 1 weights to be those found at the end of train-
ing with various seeds. We see that when using the Layer 1 weights from
the end of training off of the same initialization seed (seed 5) learning is way
quicker, indicating that specific implementations of computations 1 and 2 in
Section 4.4.1 are tightly coupled to initialization. Furthermore, these results
suggest that fixing weights is not the ideal form of clamping as it is very sus-
ceptible to correlations between the chosen weights and network initialization.

C.5.2 Activation clamps that we used

Building off this insight, we instead implement our clamps at the activation level.
While this does restrict the set of useful clamps we may apply, all the clamps used in

Section 4.4.2 can be expressed at the activation level. We detail each clamp below:

Clamping Step 1 (PT-attend) We fix the attention pattern of a Layer 1 head to
always attend to its previous token (with post-softmax value 1), corresponding to
clamping Step 1 from Section 4.4.1. In Section 4.4.2, we clamped Layer 1 Head
2’s attention pattern. In Figure C.5, we show the effect of this clamp applied to
different sets of Layer 1 heads. We find that overall there is little difference, unless
all heads are clamped, in which case learning is severely slowed. We hypothesize
that some Layer 1 heads speed up learning of copy circuits (which is consistent
with the findings of V-composition in Appendix C.3) — by forcing all Layer 1 heads
to have the previous token attention pattern, we slow this mechanism. We didn’t
investigate this further, however, as this was not the focus of our work, and instead

used a clamp on just one previous token head for our main experiments.

Clamping Steps 1, 2 (layer 1) To implement this clamp while taking into account

the concerns related to routing from Appendix C.5.1, we consider how Layer 1
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Figure C.5: Effect of different implementations of the previous token attention pattern
clamp (clamping computation Step 1, using the terminology of Section 4.4.1).
We see that most versions of the clamp have little effect on dynamics (just
slight left or right shifts in the phase change), with the exception of clamping
all heads in Layer 1. We suspect this may be due to some Layer 1 heads V-
composing with Layer 2 heads to make copy circuits easier to learn.

outputs are used by Layer 2. We utilize two forward passes through the network.
In the first, we set the input to Layer 2 to be equivalent to the output from previous
token heads and perfect query routing. For example, for the sequence “A 0 B 1 A”,
this would look like “A A 0 B A”, where we note that the first token cannot attend to
a previous token (hence it still has ‘A’), the next 3 tokens attend to previous tokens
(so ‘0 B 1’ becomes ‘A 0 B’), and the query token still routes from the input (‘A’).
We directly pass the embeddings of these tokens to Layer 2, and cache the patterns.
Then, we do a second forward pass using these patterns, except now we clamp the
input to Layer 2 to match the input to the network (“A 0 B 1 A”) which is what the
value routing should be reading from. We note that this clamp is making the task
a bit easier for the network as the vectors that Routing QK needs to read from and
Routing V needs to read from are not additively superimposed, but these routing
steps need to learn to read from the correct subspaces. We opted for this option
as it makes it even more telling that there are some subcircuit interactions in the

remaining steps after applying this clamp.

Clamping Steps 1, 2, 3qk, 4 (match) We implement this by fixing the attention
pattern of a Layer 2 head (we picked Layer 2 Head 3 as described in Section 4.4.2)
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to be that of a perfect induction head — 1 to the correct label token and O to all other
tokens. The aim of this clamp is to make sure the correct label is matched to (thus

isolating the copy operation), which this implementation suffices to do.

Clamping Steps 3v, 5 (copy) We implement this clamp by considering the attention
logits to the two labels in-context at a given induction head (we picked Layer 2 Head
3 as described in Section 4.4.2) and setting the output logits to them. For example,
on the sequence “A 0 B 1 A”, the attention logits from the query token ‘A’ to the label
tokens ‘0’ and ‘1’ would be the output logits for labels O and 1. The other output
logits are set to —1€9. The aim of this clamp is to make sure labels are perfectly
copied (thus isolating the match operation), which this implementation suffices to

do.

Clamping Steps 1, 2, 3v, 5 We implement this clamp by combining the clamp for
Steps 1, 2 (layer 1), and the clamp for Steps 3v, 5 (copy). As each of these clamps

are disjoint, it’s easy to apply both, serving the intended purpose.

C.6 Reproducibility across model initializations

Our code, as well as notebooks reproducing findings on multiple initialization seeds
(5 seeds) can be found at https://github.com/aadityasingh/icl-d
ynamics. We found little to no differences when training seed (responsible for
data ordering) was varied. Here, we summarize qualitatively the results that differ
slightly across init seeds and the ones that don’t (rather than providing 4 - 6 = 24
new figures).

Figure C.6 summarizes a reproduction of some of the results of Section 4.3.1.
Specifically, strongest heads (determined via induction strength) are mostly able to
solve the task. We find that the connection to the neural race (Saxe et al., 2022)
mostly holds across seeds (first discussed in Section 4.3.2, though the correlation
is not as strong as other metrics related to induction strength. Our main results on
sub-circuit discovery (Figure 4.6) hold across seeds. The scaling result (Figure 4.9)
reproduces across most seeds, though sometimes in standard training we see learn-

ing with 15 labels to be as quick as learning with 10 labels. For further details, we
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Figure C.6: Reproducing some of the results of Section 4.3.1 across seeds. Specifically, we
plot the induction strength of all 8 L2 heads across 5 seeds (40 points) versus
various other metrics on individual heads: accuracy and loss if all other L2
heads are ablated (analogous to circles in Figure 4.5a), as well as the “learning
time”, which we define as the number of sequences seen such that the loss
drops below 0.4 -log2 when training with a single head (a summary statistic
for Figure 4.5b). As we can see, induction head strength is well correlated
with accuracy and loss (lower loss is better, and corresponds to stronger heads)
across seeds. We see that learning time (and thus, connections to the neural
race reduction (Saxe et al., 2022)) is correlated to strength across seeds (faster
learning times correlate to stronger heads), but not as strongly. Future work
could investigate these ideas of circuits “racing” to minimize the loss further.

refer readers to the notebooks in our codebase.



Appendix D

Appendix for Chapter 5

D.1 Extended behaviors seen in small settings

In this section, we provide additional results on alternative setups we considered—
specifically, using other types of positional embeddings, interaction with data prop-
erties considered in Chapter 2, and potentially using MLP layers in a 2L network

(with absolute positional embeddings).

All our plots in this section feature accuracy on the IWL evaluator as well.
Note that in-context accuracy on this evaluator is meaningless, as the correct label
does not appear in context. As a result, we just plot the direct accuracy (for which
chance level would be m). Most of the times, this accuracy stays at chance

level, though we note settings where it seems to rise.

Runs in this section are also often run for longer than our main experiments—
we truncated the plots in the main paper to focus on the relevant phenomena. Here,

we present the full timecourses we ran in case it’s useful for future researchers.

D.1.1 Different random seeds

To confirm our reproduction, we experimented over a few seeds (for both model
initialization and data generation/ordering)—see Figure D.1. We found data seed
to make little-to-no difference. Model intialization can change the exact timing of

transience, but the general profiles of all the curves are the same.
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Figure D.1: Reproduction of our main setup (Section 5.2) over random seeds. Top left
figure is same as Figure 5.1b.
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Figure D.2: Changes in behavior when using different positional embedding schemes. Left
figure is the same as Figure 5.1b. Note that learned absolute positional embed-
dings are needed to get ICL emergence in a 2L attention-only transformer on
our task.

D.1.2 Other positional embeddings

We considered absolute sinusoidal positional embeddings (introduced by Vaswani
et al. (2017) and used in the our earlier work (Chapters 2 and 3) as well as rotary po-
sitional embeddings (RoPE, introduced in (Su et al., 2021) and used in Chapter 4).
However, we found that, for two-layer attention only networks, learned absolute
positional embeddings were needed to reproduce the emergence and transience of
ICL. While larger networks don’t require this added flexibility, we found it nec-
essary to elicit emergent ICL, which we speculate may be due to the difficulty of

learning previous token heads in Layer 1 otherwise (Olsson et al., 2022).
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Figure D.3: Changes in behavior under different data properties.

D.1.3 ICL does not emerge with lower classes or fewer exem-

plars

We consider different #’s of classes and different #’s of exemplars. In Section 2.3.4,
we found that higher numbers of both incentivized ICL emergence, and in Sec-
tion 3.4.2, we found that more classes slowed down transience. In Figure D.3, we
find that larger number of classes are necessary for ICL to dominate over CIWL for
a time (Flip evaluator accuracy > 0.5). We still see smaller transience effects with
1600 classes, as long as 20 exemplars are used. When reducing both (1600 classes,
5 exemplars), we see no ICL emergence, and even some asymptotic strengthening
of pure in-weights mechanisms.

These findings match what we saw previously on 12-layer models, and we
hypothesize that when # of classes is lower, the CIWL mechanism emerges “too

quickly” for ICL to show up (see Section 5.6.4).

D.1.4 Behavior with MLPs

We also considered the use of 2-layer transformers with MLPs as well, as are typi-
cally used in practice (Vaswani et al., 2017). We use a standard 4x expansion factor
and GeLU activations (Hendrycks and Gimpel, 2016). Results in Figure D.4.
While our main setting (12800 classes, 20 exemplars) seems to have similar
trends, we observed transience and resurgence in other settings (12800 classes, 5
exemplars), which make it difficulty to claim asymptotic behaviors in these small
models with MLP. We thus restricted our main analysis to the attention-only models,
as is common for mechanistic work on transformers (Elhage et al., 2021; Olsson

et al., 2022).
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Figure D.4: Changes in behavior when training 2-layer transformers with MLPs. In our
main setting (left), we see similar trends, but when training on 12800 classes
with 5 exemplars each, we get transient and resurgent ICL (unlike the corre-
sponding run without MLPs, Figure D.3, left) In the rightmost plot, we see
significantly increased pure in-weights learning at low numbers of classes and
exemplars (as compared to Figure D.3), which may be due to the hypothesized
role of MLPs in such pathways (Geva et al., 2021; Meng et al., 2023).
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Figure D.5: Simulations of the toy model over 12 seeds, using the same settings as those for
Figure 5.9: dim(a) = dim(b) = dim(c) = 20,dim(d) = 160, u; =0.1,00 =0.1.
We additionally show the competition term in gray.

D.2 Additional details and seeds on toy model

All vectors in our toy model (Section 5.7) are initialized randomly with each ele-
ment being drawn from .47(0,1). Vectors evolve through gradient descent, with a
learning rate of 1. In practice, we use a scaled Frobenius norm in the loss func-
tion, where we normalize for the size of the tensors in each expression, to avoid
needing to tune the learning rate. Mathematically, this rescaling is isomorphic to a
corresponding setting of 11, & and learning rate.

In Figure D.5, we show simulations on 12 random seeds (to supplement the

single seed shown in Figure 5.9). While the exact timing in magnitudes of the
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Figure D.6: Simulations of the toy model over 12 seeds, using the settings: dim(a) =
dim(b) = dim(c¢) = 20,dim(d) = 160, u; = 0, = 0.1. Without the asymp-
totic bias u; = 0, the faster Mechanism 1 gets learned first and dominates.
d — 0 due to the competition term, which leads to increasing loss of Mecha-
nism 2 (green).

curves can shift around, the overall dynamical profile (transience of Mechanism 1,
the divot in Mechanism 2 formation) is largely preserved. For some seeds, we found
that the vectors did not exit the loss plateau (likely caused by a saddle point in the
loss landscape, analogous to that in the simpler model, see Appendix C.4) for the
duration of our simulation.

In Figure D.6, we show simulations on 12 random seeds with the same settings
as Figure D.5, except that u; = O instead of y; = 0.1. Eliminating the asymp-
totic bias for Mechanism 2 gets rid of transient behavior, with the faster mechanism
(Mechanism 1) emerging and dominating. These intuitions motivated our experi-

ments in Section 5.8.
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